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1 Introduction

In a recent work we parameterized the fully unintegrated, off-diagonal quark-quark cor-

relator for a spin-0 hadron in terms of so-called generalized parton correlation functions

(GPCFs) [1]. The GPCFs depend on the full 4-momentum of the quark and, in addition,

on the momentum transfer to the hadron. As such they contain the maximum amount of

information about the partonic structure of hadrons. The purpose of the present paper is
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to extend this analysis to the more interesting but at the same time more challenging case

of a spin-1/2 hadron. Related work on the (simpler) unintegrated diagonal quark-quark

correlator for a spin-1/2 hadron can be found in refs. [2–4].

GPCFs are of particular interest because of their connection to the generalized parton

distributions (GPDs) [5–11] and the transverse momentum dependent parton distributions

(TMDs) [12–15]. Both GPDs and TMDs have been intensely studied during the last 15

years. While GPDs appear in the QCD-description of hard exclusive reactions such as deep

virtual Compton scattering or hard exclusive meson production, TMDs can be measured in

certain semi-inclusive reactions like semi-inclusive deep inelastic scattering (SIDIS) or the

Drell-Yan (DY) process. These two types of parton distributions provide a 3-dimensional

picture of the nucleon — either in a mixed position-momentum representation or in pure

momentum space. Moreover, they contain important information on the orbital motion of

partons inside the nucleon. The important point is that both the GPDs and the TMDs

appear as two different limiting cases of the GPCFs. Therefore, the GPCFs can be consid-

ered as mother distributions of GPDs and TMDs [10, 16, 17]. Note that the GPCFs also

have a direct connection to the so-called Wigner distributions — the quantum mechanical

analogues of classical phase space distributions — of the hadron-parton system [10, 16, 17].

In the present paper, as the major application of the classification of the GPCFs, we

obtain new, model-independent information on the nontrivial relations between GPDs and

TMDs which have been suggested in the literature [18–25]. In order to study this point

we exploit the connection between the GPCFs on the one hand as well as the GPDs and

TMDs on the other, and explore, in particular, which GPDs and TMDs have the same

mother distributions. The nontrivial relations between GPDs and TMDs attracted a lot of

attention during the last years. The most prominent case, first proposed in ref. [18], is the

relation between the so-called Sivers TMD [26, 27] and the GPD E. This connection pro-

vides a rather intuitive understanding of the Sivers single spin asymmetry in SIDIS which

has been explored by the HERMES and the COMPASS experiments [28–31]. Although in

the meantime various nontrivial relations between GPDs and TMDs were established in

simple models (see [24] for an overview and [25]), no model-independent relations have been

obtained so far. In fact, our previous work on GPCFs showed that for spin-0 hadrons no

model-independent relations between GPDs and TMDs can be established. In the present

work we arrive at the same conclusion for spin-1/2 hadrons. A first account on the spin-1/2

case can be found in the conference contribution [32].

If the GPCFs are integrated upon one light-cone component of the quark momentum

one arrives at the so-called generalized transverse momentum dependent parton distribu-

tions (GTMDs) which can show up in the description of hard exclusive reactions. While

quark GTMDs typically appear at subleading twist — and in cases where the standard

collinear factorization cannot be applied — (see, e.g., refs. [33–35]), gluon GTMDs have

been extensively used to describe processes at high energies (low x) like, for instance,

diffractive vector meson [36] and Higgs production at the Tevatron and the LHC [37–39] in

the framework of the so-called kT factorization. Also an approximate method for (theoret-

ically) constraining the unpolarized gluon GTMD has been proposed [40]. In the present

work we will not further elaborate on the phenomenology of GTMDs, although it is an
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important topic (for related work see also refs. [3, 4]).

The plan of the manuscript is as follows. In the next section the parameterization of the

generalized quark-quark correlator for a spin-1/2 hadron in terms of GPCFs is presented.

This parameterization forms the basis for the rest of the paper. In section 3 we consider

the GTMDs. The results in that section follow in a straightforward way from those in

section 2. The TMD-limit and the GPD-limit for the GTMDs are investigated in section 4,

providing us with the first complete counting of GPDs beyond leading twist. In particular,

we also explore which GPDs and TMDs have the same mother distributions. The outcome

of this analysis allows us to investigate the model-independent status of possible nontrivial

relations between GPDs and TMDs. Section 5 contains the conclusions. Details of the

(technically demanding) derivation of the classification for the GPCFs can be found in

appendix A. The exact relations between the GPCFs and the GTMDs defined in the

manuscript are given in appendix B, while in appendix C our model-independent study is

supplemented by the calculation of the leading twist GTMDs in a simple diquark spectator

model for the nucleon.

2 Generalized parton correlation functions

2.1 Definition

In this section we derive the structure of the generalized, fully-unintegrated quark-quark

correlator for a spin-1/2 hadron which is defined as

W
[Γ]
λλ′(P, k,∆, N ; η) =

1

2

∫

d4z

(2π)4
eik·z 〈p′, λ′| ψ̄

(

− 1

2
z

)

ΓW
(

− 1

2
z,

1

2
z |n

)

ψ

(

1

2
z

)

|p, λ〉 .
(2.1)

The correlator W depends on the helicities λ and λ′, the average momentum P = (p+p′)/2

of the initial and final hadron, the momentum transfer ∆ = p′ − p to the hadron, and the

average quark momentum k. (For the kinematics we also refer to figure 1.) The object Γ

is an element of the complete basis {1, γ5, γ
µ, γµγ5, iσ

µν} with σµν = i[γµ, γν ]/2. The Wil-

son line W ensures the color gauge invariance of the correlator in eq. (2.1) and is running

along the path1

− 1

2
z → −1

2
z + ∞ · n → 1

2
z + ∞ · n → 1

2
z , (2.2)

with all four points connected by straight lines. It is now important to realize that the

integration contour of the Wilson line not only depends on the coordinates of the initial

and final points but also on the light-cone direction which is opposite to the direction of

P [41]. This induces a dependence on a light-cone vector n. In fact, instead of using n a

rescaled vector λn with some positive parameter λ could be taken in order to specify the

Wilson line. Therefore, the correlator actually only depends on the vector

N =
M2 n

P · n , (2.3)

1The path of the Wilson line is chosen such that appropriate Wilson lines are obtained when taking the

GPD-limit and the TMD-limit (see also section 2.4).
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k + 1
2∆

P − 1
2∆

k − 1
2∆

P + 1
2∆

Figure 1. Kinematics for GPCFs.

which is invariant under the mentioned rescaling. For convenience in (2.3) the hadron mass

M is used such that N has the same mass dimension as an ordinary 4-momentum. The

parameter η in (2.1) is defined through the zeroth component of n according to

η = sign(n0) , (2.4)

which means that we simultaneously treat future-pointing (η = +1) and past-pointing

(η = −1) Wilson lines. Keeping this dependence is particularly convenient once we make

the projection of the correlator in (2.1) onto the correlator defining TMDs.

2.2 Parameterization

In order to obtain the parameterization of the correlator in (2.1) in terms of GPCFs it is

necessary to analyze its behavior under parity. One finds that

W
[Γ]
λλ′(P, k,∆, N ; η)

=
1

2

∫

d4z

(2π)4
eik·z 〈p′, λ′| P̂ †P̂ ψ̄

(

− 1

2
z

)

P̂ †P̂ Γ P̂ †P̂ W
(

− 1

2
z,

1

2
z |n

)

P̂ †P̂ ψ

(

1

2
z

)

P̂ †P̂ |p, λ〉

=
1

2

∫

d4z

(2π)4
eik·z 〈p̄′, λ′P | ψ̄

(

− 1

2
z̄

)

γ0 Γ γ0 W
(

− 1

2
z̄,

1

2
z̄ | n̄

)

ψ

(

1

2
z̄

)

|p̄, λP 〉

=
1

2

∫

d4z

(2π)4
eik̄·z 〈p̄′, λ′P | ψ̄

(

− 1

2
z

)

γ0 Γ γ0 W
(

− 1

2
z,

1

2
z | n̄

)

ψ

(

1

2
z

)

|p̄, λP 〉

= W
[γ0 Γ γ0]
λP λ′

P

(P̄ , k̄, ∆̄, N̄ ; η) , (2.5)

where P̄µ = Pµ = (P 0,−~P ) etc., while λP and λ′P denote the parity-reversed helicities λ

and λ′. We now introduce the (dimensionless) matrix functions ΓS, ΓP, Γµ
V, Γµ

A, and Γµν
T

through

W
[1]
λλ′(P, k,∆, N ; η) = ū(p′, λ′) ΓS(P, k,∆, N ; η)u(p, λ) (scalar) , (2.6)

W
[γ5]
λλ′ (P, k,∆, N ; η) = ū(p′, λ′) ΓP(P, k,∆, N ; η)u(p, λ) (pseudoscalar) , (2.7)

W
[γµ]
λλ′ (P, k,∆, N ; η) = ū(p′, λ′) Γµ

V(P, k,∆, N ; η)u(p, λ) (vector) , (2.8)

W
[γµγ5]
λλ′ (P, k,∆, N ; η) = ū(p′, λ′) Γµ

A(P, k,∆, N ; η)u(p, λ) (axial vector) , (2.9)

W
[iσµν ]
λλ′ (P, k,∆, N ; η) = ū(p′, λ′) Γµν

T (P, k,∆, N ; η)u(p, λ) (tensor) . (2.10)

From eq. (2.5) it follows for the scalar matrix function in eq. (2.6)

ū(p′, λ′) ΓS(P, k,∆, N ; η)u(p, λ)

= ū(p̄′, λ′P ) ΓS(P̄ , k̄, ∆̄, N̄ ; η)u(p̄, λP )

– 4 –
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= ū(p′, λ′) P̂ † ΓS(P̄ , k̄, ∆̄, N̄ ; η) P̂ u(p, λ)

= ū(p′, λ′) γ0 ΓS(P̄ , k̄, ∆̄, N̄ ; η) γ0 u(p, λ) . (2.11)

Analogous results hold for the other matrix functions in eqs. (2.7)–(2.10), and one finds

ΓS(P, k,∆, N ; η) = +γ0 ΓS(P̄ , k̄, ∆̄, N̄ ; η) γ0 , (2.12)

ΓP(P, k,∆, N ; η) = −γ0 ΓP(P̄ , k̄, ∆̄, N̄ ; η) γ0 , (2.13)

Γµ
V(P, k,∆, N ; η) = +γ0 Γµ̄

V(P̄ , k̄, ∆̄, N̄ ; η) γ0 , (2.14)

Γµ
A(P, k,∆, N ; η) = −γ0 Γµ̄

A(P̄ , k̄, ∆̄, N̄ ; η) γ0 , (2.15)

Γµν
T (P, k,∆, N ; η) = +γ0 Γµ̄ν̄

T (P̄ , k̄, ∆̄, N̄ ; η) γ0 (2.16)

for their behavior under parity. It turns out that the general structure of the correlator W

can already be obtained on the basis of the parity constraints in (2.12)–(2.16). One ends

up with 64 linearly independent matrix structures multiplied by scalar functions (for the

derivation see appendix A),

W
[1]
λλ′(P, k,∆, N ; η)

= ū(p′, λ′)

[

AE
1 +

iσk∆

M2
AE

2 +
iσkN

M2
AE

3 +
iσ∆N

M2
AE

4

]

u(p, λ) , (2.17)

W
[γ5]
λλ′ (P, k,∆, N ; η)

= ū(p′, λ′)

[

iεPk∆N

M4
AE

5 +
iσPNγ5

M2
AE

6 +
iσkNγ5

M2
AE

7 +
iσ∆Nγ5

M2
AE

8

]

u(p, λ) , (2.18)

W
[γµ]
λλ′ (P, k,∆, N ; η)

= ū(p′, λ′)

[

Pµ

M
AF

1 +
kµ

M
AF

2 +
∆µ

M
AF

3 +
Nµ

M
AF

4 +
iσµk

M
AF

5 +
iσµ∆

M
AF

6 +
iσµN

M
AF

7

+
Pµ iσk∆

M3
AF

8 +
kµ iσk∆

M3
AF

9 +
Nµ iσk∆

M3
AF

10 +
Pµ iσkN

M3
AF

11 +
kµ iσkN

M3
AF

12

+
Nµ iσkN

M3
AF

13 +
Pµ iσ∆N

M3
AF

14 +
∆µ iσ∆N

M3
AF

15 +
Nµ iσ∆N

M3
AF

16

]

u(p, λ) , (2.19)

W
[γµγ5]
λλ′ (P, k,∆, N ; η)

= ū(p′, λ′)

[

iεµPk∆

M3
AG

1 +
iεµPkN

M3
AG

2 +
iεµP∆N

M3
AG

3 +
iεµk∆N

M3
AG

4

+
iσµP γ5

M
AG

5 +
iσµkγ5

M
AG

6 +
iσµNγ5

M
AG

7 +
kµ iσPNγ5

M3
AG

8 +
∆µ iσPNγ5

M3
AG

9

+
Nµ iσPNγ5

M3
AG

10 +
kµ iσkNγ5

M3
AG

11 +
∆µ iσkNγ5

M3
AG

12 +
Nµ iσkNγ5

M3
AG

13

+
Pµ iσ∆Nγ5

M3
AG

14 +
∆µ iσ∆Nγ5

M3
AG

15 +
Nµ iσ∆Nγ5

M3
AG

16

]

u(p, λ) , (2.20)

– 5 –
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W
[iσµν ]
λλ′ (P, k,∆, N ; η)

= (δµ
ρ δ

ν
σ − δν

ρδ
µ
σ ) ū(p′, λ′)

[

P ρkσ

M2
AH

1 +
P ρ∆σ

M2
AH

2 +
P ρNσ

M2
AH

3 +
kρ∆σ

M2
AH

4

+
kρNσ

M2
AH

5 +
∆ρNσ

M2
AH

6 + iσρσ AH
7 +

P ρ iσσk

M2
AH

8 +
Nρ iσσk

M2
AH

9

+
P ρ iσσ∆

M2
AH

10 +
Nρ iσσ∆

M2
AH

11 +
P ρ iσσN

M2
AH

12 +
kρ iσσN

M2
AH

13 +
∆ρ iσσN

M2
AH

14

+
Nρ iσσN

M2
AH

15 +
P ρkσ iσk∆

M4
AH

16 +
P ρNσ iσk∆

M4
AH

17 +
kρNσ iσk∆

M4
AH

18

+
P ρkσ iσkN

M4
AH

19 +
P ρNσ iσkN

M4
AH

20 +
kρNσ iσkN

M4
AH

21 +
P ρ∆σ iσ∆N

M4
AH

22

+
P ρNσ iσ∆N

M4
AH

23 +
∆ρNσ iσ∆N

M4
AH

24

]

u(p, λ) , (2.21)

where we used εabcd = εµνρσaµbνcρdσ and σab = σµνaµbν to shorten the notation. Our

treatment leading to (2.17)–(2.21) is analogous to what has already been done for a spin-0

hadron [1]. The functions AE
i , AF

i , AG
i , and AH

i are independent and represent the GPCFs.

They depend on all possible scalar products of the momenta P , k, ∆, and N as well as the

parameter η. The various factors of M are introduced in order to assign the same mass

dimension to all GPCFs. Note that the parameterizations (2.17)–(2.21) are ambiguous in

the sense that one can always rewrite them into other forms by means of the Gordon iden-

tities (A.6)–(A.9). However, the amount of structures as presented in eqs. (2.17)–(2.21) is

minimized. For further details we refer to appendix A.

2.3 Properties

By applying hermiticity and time reversal to the correlator in (2.1) it is possible to derive

some basic properties of the GPCFs. From hermiticity it follows that
[

W
[Γ]
λλ′(P, k,∆, N ; η)

]∗

=
1

2

∫

d4z

(2π)4
e−ik·z 〈p′, λ′| ψ̄

(

− 1

2
z

)

ΓW
(

− 1

2
z,

1

2
z |n

)

ψ

(

1

2
z

)

|p, λ〉∗

=
1

2

∫

d4z

(2π)4
e−ik·z 〈p, λ| ψ̄

(

1

2
z

)

γ0 Γ† γ0 W
(

1

2
z,−1

2
z |n

)

ψ

(

− 1

2
z

)

|p′, λ′〉

=
1

2

∫

d4z

(2π)4
eik·z 〈p, λ| ψ̄

(

− 1

2
z

)

γ0 Γ† γ0 W
(

− 1

2
z,

1

2
z |n

)

ψ

(

1

2
z

)

|p′, λ′〉

= W
[γ0 Γ† γ0]
λ′λ (P, k,−∆, N ; η) . (2.22)

For the matrix functions in eqs. (2.6)–(2.10) this leads to

[

ΓS(P, k,∆, N ; η)
]†

= +γ0 ΓS(P, k,−∆, N ; η) γ0 , (2.23)

[

ΓP(P, k,∆, N ; η)
]†

= −γ0 ΓP(P, k,−∆, N ; η) γ0 , (2.24)

[

Γµ
V(P, k,∆, N ; η)

]†

= +γ0 Γµ
V(P, k,−∆, N ; η) γ0 , (2.25)

– 6 –
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[

Γµ
A(P, k,∆, N ; η)

]†

= +γ0 Γµ
A(P, k,−∆, N ; η) γ0 , (2.26)

[

Γµν
T (P, k,∆, N ; η)

]†

= −γ0 Γµν
T (P, k,−∆, N ; η) γ0 . (2.27)

Applying the hermiticity constraints (2.23)–(2.27) to the decomposition in (2.17)–(2.21)

one finds

X∗(P, k,∆, N ; η) = ±X(P, k,−∆, N ; η) , (2.28)

where the plus sign holds for X = AE
1 , AE

2 , AE
4 , AE

8 , AF
1 , AF

2 , AF
4 , AF

6 , AF
8 , AF

9 , AF
10, A

F
14,

AF
16, A

G
1 , AG

3 , AG
4 , AG

5 , AG
6 , AG

7 , AG
8 , AG

10, A
G
11, A

G
13, A

G
15, A

H
2 , AH

4 , AH
6 , AH

7 , AH
8 , AH

9 , AH
12,

AH
13, A

H
15, A

H
19, A

H
20, A

H
21, A

H
22, A

H
24 and the minus sign for all the other GPCFs.

In addition, time reversal leads to

[

W
[Γ]
λλ′(P, k,∆, N ; η)

]∗

=
1

2

∫

d4z

(2π)4
e−ik·z 〈p′, λ′| ψ̄

(

− 1

2
z

)

ΓW
(

− 1

2
z,

1

2
z |n

)

ψ

(

1

2
z

)

|p, λ〉∗

=
1

2

∫

d4z

(2π)4
e−ik·z 〈p′, λ′| T̂ †T̂ ψ̄

(

− 1

2
z

)

T̂ †T̂ Γ T̂ †T̂ W
(

− 1

2
z,

1

2
z |n

)

T̂ †T̂ ψ

(

1

2
z

)

T̂ †T̂ |p, λ〉

=
1

2

∫

d4z

(2π)4
e−ik·z 〈p̄′, λ′T | ψ̄

(

1

2
z̄

)

(−iγ5C) Γ∗ (−iγ5C)W
(

1

2
z̄,−1

2
z̄ | − n̄

)

ψ

(

− 1

2
z̄

)

|p̄, λT 〉

=
1

2

∫

d4z

(2π)4
eik̄·z 〈p̄′, λ′T | ψ̄

(

− 1

2
z

)

(−iγ5C) Γ∗ (−iγ5C)W
(

− 1

2
z,

1

2
z | − n̄

)

ψ

(

1

2
z

)

|p̄, λT 〉

= W
[(−iγ5C) Γ∗ (−iγ5C)]
λT λ′

T

(P̄ , k̄, ∆̄, N̄ ;−η) , (2.29)

where C is the charge conjugation matrix, while λT and λ′T denote the time-reversed helici-

ties λ and λ′. Analogous to eq. (2.11) one finds for the matrix functions in eqs. (2.6)–(2.10)

[

ΓS(P, k,∆, N ; η)
]∗

= (−iγ5C) ΓS(P̄ , k̄, ∆̄, N̄ ;−η) (−iγ5C) , (2.30)
[

ΓP(P, k,∆, N ; η)
]∗

= (−iγ5C) ΓP(P̄ , k̄, ∆̄, N̄ ;−η) (−iγ5C) , (2.31)
[

Γµ
V(P, k,∆, N ; η)

]∗

= (−iγ5C) Γµ̄
V(P̄ , k̄, ∆̄, N̄ ;−η) (−iγ5C) , (2.32)

[

Γµ
A(P, k,∆, N ; η)

]∗

= (−iγ5C) Γµ̄
A(P̄ , k̄, ∆̄, N̄ ;−η) (−iγ5C) , (2.33)

[

Γµν
T (P, k,∆, N ; η)

]∗

= (−iγ5C) Γµ̄ν̄
T (P̄ , k̄, ∆̄, N̄ ;−η) (−iγ5C) . (2.34)

The time-reversal constraints (2.30)–(2.34) provide

X∗(P, k,∆, N ; η) = X(P, k,∆, N ;−η) (2.35)

for all GPCFs, relating those defined with future-pointing Wilson lines to those defined

with past-pointing lines.

From these considerations it follows that in general GPCFs, unlike GPDs or TMDs,

are complex-valued functions. Keeping now in mind that η ∈ {−1 , 1} and using eq. (2.35)
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one finds immediately that only the imaginary part of the GPCFs depends on η. This

allows one to write

X(P, k,∆, N ; η) = Xe(P, k,∆, N) + iXo(P, k,∆, N ; η) , (2.36)

with

Xo(P, k,∆, N ; η) = −Xo(P, k,∆, N ;−η) , (2.37)

where we call Xe the T-even and Xo the T-odd part of the generic GPCF X. The sign

reversal of Xo in eq. (2.37) when going from future-pointing to past-pointing Wilson lines

corresponds to the sign reversal discussed in ref. [42] for T-odd TMDs.

2.4 Limits

Now we would like to give a first account on the relation between GPCFs on the one

hand and GPDs as well as TMDs on the other. To this end we consider the quark-quark

correlator F defining GPDs for a spin-1/2 target, which can be obtained from the correlator

W in eq. (2.1) by means of the projection

F
[Γ]
λλ′(P, x,∆, N) =

∫

dk− d2~kT W
[Γ]
λλ′(P, k,∆, N ; η)

=
1

2

∫

dz−

2π
eik·z 〈p′, λ′| ψ̄

(

− 1

2
z

)

ΓW
(

− 1

2
z,

1

2
z |n

)

ψ

(

1

2
z

)

|p, λ〉
∣

∣

∣

z+=~zT =0
. (2.38)

In this formula we use light-cone components that are specified through a± = (a0±a3)/
√

2

and ~aT = (a1, a2) for a generic 4-vector a = (a0, a1, a2, a3), where, in particular, we choose

k+ = xP+. Note that after integrating upon k− and ~kT the dependence on the parameter

η drops out. It is well-known that in this case we are dealing with a light-cone correla-

tor and the two quark fields are just connected by a straight line. This means that the

choice of the contour in (2.2) leads, after projection, to the appropriate Wilson line for the

GPD-correlator.

The correlator Φ defining TMDs can be extracted from W by putting ∆ = 0 and inte-

grating out one light-cone component of the quark momentum (which we choose to be k−),

Φ
[Γ]
λλ′(P, x,~kT , N ; η) =

∫

dk−W
[Γ]
λλ′(P, k, 0, N ; η)

=
1

2

∫

dz− d2~zT
(2π)3

eik·z 〈P, λ′| ψ̄
(

− 1

2
z

)

ΓW
(

− 1

2
z,

1

2
z |n

)

ψ

(

1

2
z

)

|P, λ〉
∣

∣

∣

z+=0
. (2.39)

Note that for ∆ = 0 one has p = p′ = P . We point out that the path specified in (2.2) also

leads to a proper Wilson line after taking the TMD-limit [42–50]. Since Φ in eq. (2.39) is

not a light-cone correlator the dependence on the parameter η remains. The case η = +1

is appropriate for defining TMDs in processes with final state interactions of the struck

quark like SIDIS, while η = −1 can be used for TMDs in DY [42]. It has been emphasized

in refs. [43, 51–53] that, in general, light-like Wilson lines as used in the unintegrated cor-

relators in (2.1) and (2.39) lead to divergences. Such divergences can be avoided, however,

by adopting a near light-cone direction. For the purpose of the present work it is sufficient

– 8 –
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to note that our general reasoning remains valid once a near light-cone direction is used

instead of n.

It is evident that not only the correlators F and Φ appear as projections of the most

general two-parton correlator W as outlined above, but also the GPDs and the TMDs are

projections of certain GPCFs. Therefore, GPCFs can be considered as mother distributions,

which actually contain the maximum amount of information on the two-parton structure of

hadrons [10, 16, 17]. Despite this fact a classification of the GPCFs as given in (2.17)–(2.21)

has never been worked out.

3 Generalized transverse momentum dependent parton distributions

3.1 Definition

The projections in (2.38) and (2.39) contain the integration upon the minus-component of

the quark momentum. Therefore, it is useful to consider in more detail the correlator

W
[Γ]
λλ′(P, x,~kT ,∆, N ; η) =

∫

dk−W
[Γ]
λλ′(P, k,∆, N ; η)

=
1

2

∫

dz− d2~zT
(2π)3

eik·z 〈p′, λ′| ψ̄
(

− 1

2
z

)

ΓW
(

− 1

2
z,

1

2
z |n

)

ψ

(

1

2
z

)

|p, λ〉
∣

∣

∣

z+=0
. (3.1)

Below the parameterization of this object is given in terms of what we call generalized

transverse momentum dependent parton distributions (GTMDs). Of course, this result

can now be obtained in a straightforward manner on the basis of the decomposition in

eqs. (2.17)–(2.21). On the basis of the above discussion it is obvious that also the GTMDs,

like the GPCFs, can be considered as mother distributions of GPDs and TMDs. It is the

correlator in (3.1) which for instance can enter the description of hard exclusive meson

production [35], while the corresponding correlator for gluons appears when considering

diffractive processes in lepton-hadron as well as hadron-hadron collisions [36–39]. The

question whether or not it appears with a Wilson line as defined in (2.2) to our knowledge

has never been addressed in the literature and requires further investigation that goes

beyond the scope of the present work.

For our analysis we choose an infinite momentum frame such that P has a large plus-

momentum and no transverse momentum. The plus-component of ∆ is expressed through

the commonly used variable ξ. To be now precise the 4-momenta in (2.17)–(2.21) are

specified according to

P =

[

P+ ,
~∆2

T + 4M2

8(1 − ξ2)P+
, ~0T

]

, (3.2)

k =

[

xP+ , k− , ~kT

]

, (3.3)

∆ =

[

− 2ξP+ ,
ξ ~∆2

T + 4ξM2

4(1 − ξ2)P+
, ~∆T

]

, (3.4)

n =

[

0 , ±1 , ~0T

]

. (3.5)
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The vector n in eq. (3.5) is of course not the most general light-cone vector. In particular, it

has no transverse component and points opposite to the direction of P as already mentioned

earlier. However, if one wants to arrive at an appropriate definition of TMDs for SIDIS

and DY, there is no freedom left for this vector because it is fixed by the external momenta

of the respective processes.

3.2 Parameterization

Now we have all the ingredients which are needed for writing down the final result for the

generalized kT -dependent correlator (3.1) in terms of GTMDs. We start with the twist-2

case for which one gets

W
[γ+]
λλ′ =

1

2M
ū(p′, λ′)

[

F1,1 +
iσi+ki

T

P+
F1,2 +

iσi+∆i
T

P+
F1,3

+
iσijki

T ∆j
T

M2
F1,4

]

u(p, λ) , (3.6)

W
[γ+γ5]
λλ′ =

1

2M
ū(p′, λ′)

[

− iεijT k
i
T ∆j

T

M2
G1,1 +

iσi+γ5k
i
T

P+
G1,2 +

iσi+γ5∆
i
T

P+
G1,3

+iσ+−γ5G1,4

]

u(p, λ) , (3.7)

W
[iσj+γ5]
λλ′ =

1

2M
ū(p′, λ′)

[

− iεijT k
i
T

M
H1,1 −

iεijT ∆i
T

M
H1,2 +

M iσj+γ5

P+
H1,3

+
kj

T iσ
k+γ5k

k
T

M P+
H1,4 +

∆j
T iσ

k+γ5k
k
T

M P+
H1,5 +

∆j
T iσ

k+γ5∆
k
T

M P+
H1,6

+
kj

T iσ
+−γ5

M
H1,7 +

∆j
T iσ

+−γ5

M
H1,8

]

u(p, λ) . (3.8)

Here the definitions ε0123 = 1 and εijT = ε−+ij are used. The 16 complex-valued twist-2

GTMDs F1,i, G1,i, and H1,i are given by k−-integrals of certain linear combinations of the

GPCFs in (2.19)–(2.21), where the explicit relations are listed in appendix B. To shorten

the notation the arguments on both sides of the eqs. (3.6)–(3.8) are omitted. All GTMDs

depend on the set of variables (x, ξ,~k2
T ,
~kT · ~∆T , ~∆

2
T ; η).

In the twist-3 case, characterized through a suppression by one power in P+, we find

W
[1]
λλ′ =

1

2P+
ū(p′, λ′)

[

E2,1 +
iσi+ki

T

P+
E2,2 +

iσi+∆i
T

P+
E2,3

+
iσijki

T ∆j
T

M2
E2,4

]

u(p, λ) , (3.9)

W
[γ5]
λλ′ =

1

2P+
ū(p′, λ′)

[

− iεijT k
i
T ∆j

T

M2
E2,5 +

iσi+γ5k
i
T

P+
E2,6 +

iσi+γ5∆
i
T

P+
E2,7

+iσ+−γ5E2,8

]

u(p, λ) , (3.10)
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W
[γj ]
λλ′ =

1

2P+
ū(p′, λ′)

[

kj
T

M
F2,1 +

∆j
T

M
F2,2 +

M iσj+

P+
F2,3

+
kj

T iσ
k+kk

T

M P+
F2,4 +

∆j
T iσ

k+kk
T

M P+
F2,5 +

∆j
T iσ

k+∆k
T

M P+
F2,6

+
iσijki

T

M
F2,7 +

iσij∆i
T

M
F2,8

]

u(p, λ) , (3.11)

W
[γjγ5]
λλ′ =

1

2P+
ū(p′, λ′)

[

− iεijT k
i
T

M
G2,1 −

iεijT ∆i
T

M
G2,2 +

M iσj+γ5

P+
G2,3

+
kj

T iσ
k+γ5k

k
T

M P+
G2,4 +

∆j
T iσ

k+γ5k
k
T

M P+
G2,5 +

∆j
T iσ

k+γ5∆
k
T

M P+
G2,6

+
kj

T iσ
+−γ5

M
G2,7 +

∆j
T iσ

+−γ5

M
G2,8

]

u(p, λ) , (3.12)

W
[iσijγ5]
λλ′ = − iεijT

2P+
ū(p′, λ′)

[

H2,1 +
iσk+kk

T

P+
H2,2 +

iσk+∆k
T

P+
H2,3

+
iσklkk

T ∆l
T

M2
H2,4

]

u(p, λ) , (3.13)

W
[iσ+−γ5]
λλ′ =

1

2P+
ū(p′, λ′)

[

− iεijT k
i
T ∆j

T

M2
H2,5 +

iσi+γ5k
i
T

P+
H2,6 +

iσi+γ5∆
i
T

P+
H2,7

+iσ+−γ5H2,8

]

u(p, λ) . (3.14)

The twist-4 result, which is basically a copy of the twist-2 case, reads

W
[γ−]
λλ′ =

M

2(P+)2
ū(p′, λ′)

[

F3,1 +
iσi+ki

T

P+
F3,2 +

iσi+∆i
T

P+
F3,3

+
iσijki

T ∆j
T

M2
F3,4

]

u(p, λ) , (3.15)

W
[γ−γ5]
λλ′ =

M

2(P+)2
ū(p′, λ′)

[

− iεijT k
i
T ∆j

T

M2
G3,1 +

iσi+γ5k
i
T

P+
G3,2 +

iσi+γ5∆
i
T

P+
G3,3

+iσ+−G3,4

]

u(p, λ) , (3.16)

W
[iσj−γ5]
λλ′ =

M

2(P+)2
ū(p′, λ′)

[

− iεijT k
i
T

M
H3,1 −

iεijT ∆i
T

M
H3,2 +

M iσj+γ5

P+
H3,3

+
kj

T iσ
k+γ5k

k
T

M P+
H3,4+

∆j
T iσ

k+γ5k
k
T

M P+
H3,5+

∆j
T iσ

k+γ5∆
k
T

M P+
H3,6

+
kj

T iσ
+−γ5

M
H3,7 +

∆j
T iσ

+−γ5

M
H3,8

]

u(p, λ) . (3.17)

The twist-4 case is of course at most of academic interest but is included for completeness.
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3.3 Properties

Like in the case of the GPCFs we also consider the implications of hermiticity and time

reversal on the GTMDs. Hermiticity leads to

X∗(x, ξ,~k2
T ,
~kT · ~∆T , ~∆

2
T ; η) = ±X(x,−ξ,~k2

T ,−~kT · ~∆T , ~∆
2
T ; η) , (3.18)

with a plus sign for X = E2,1, E2,3, E2,4, E2,7, F1,1, F1,3, F1,4, F2,1, F2,5, F2,8, F3,1,

F3,3, F3,4, G1,1, G1,2, G1,4, G2,2, G2,3, G2,4, G2,6, G2,7, G3,1, G3,2, G3,4, H1,2, H1,3, H1,4,

H1,6, H1,7, H2,2, H2,5, H2,6, H2,8, H3,2, H3,3, H3,4, H3,6, H3,7 and a minus sign for all the

other GTMDs. These results are a direct consequence of (2.28) and the relations between

GTMDs and GPCFs (see appendix B for the explicit formulas for twist-2). On the basis

of (2.35) one obtains from time reversal

X∗(x, ξ,~k2
T ,
~kT · ~∆T , ~∆

2
T ; η) = X(x, ξ,~k2

T ,
~kT · ~∆T , ~∆

2
T ;−η) (3.19)

for all GTMDs X. This means, in particular, that we can carry over eqs. (2.36) and (2.37)

to the GTMD case and write

X(x, ξ,~k2
T ,
~kT ·~∆T , ~∆

2
T ; η) = Xe(x, ξ,~k2

T ,
~kT ·~∆T , ~∆

2
T )+iXo(x, ξ,~k2

T ,
~kT ·~∆T , ~∆

2
T ; η) , (3.20)

with the real valued functions Xe and Xo respectively representing the real and imaginary

part of the GTMD X. Only the T-odd part Xo depends on the sign of η according to

Xo(x, ξ,~k2
T ,
~kT · ~∆T , ~∆

2
T ; η) = −Xo(x, ξ,~k2

T ,
~kT · ~∆T , ~∆

2
T ;−η) , (3.21)

i.e., the imaginary parts of GTMDs defined with future-pointing and past-pointing Wilson

lines have a reversed sign.

In order to give an estimate we have calculated the leading twist GTMDs in the scalar

diquark model of the nucleon. The results are presented in appendix C. Our treatment

is restricted to lowest order in perturbation theory. To this order all T-odd parts of the

GTMDs vanish — a feature which is also well-known from spectator model calculations

of T-odd TMDs. All the results listed in eqs. (C.8)–(C.23) are in accordance with the

hermiticity constraint (3.18).

4 Projection of GTMDs onto TMDs and GPDs

In this section we consider the generalized kT -dependent correlator in eq. (3.1) for the

specific TMD-kinematics and the GPD-kinematics. This procedure provides the relations

between the mother distributions (GTMDs) on the one hand and the TMDs as well as

the GPDs on the other. On the basis of these results one can check whether there exists

model-independent support for possible nontrivial relations between GPDs and TMDs.

4.1 TMD-limit

We start with the TMD-limit corresponding to a vanishing momentum transfer ∆ = 0. In

this limit exactly half of the real-valued distributions vanish because they are odd as func-

tion of ∆ due to the hermiticity constraint (3.18): Eo
2,1, E

e
2,2, E

o
2,3, E

o
2,4, E

e
2,5, E

e
2,6, E

o
2,7,
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Ee
2,8, F

o
1,1, F

e
1,2, F

o
1,3, F

o
1,4, F

o
2,1, F

e
2,2, F

e
2,3, F

e
2,4, F

o
2,5, F

e
2,6, F

e
2,7, F

o
2,8, F

o
3,1, F

e
3,2, F

o
3,3, F

o
3,4,

Go
1,1, G

o
1,2, G

e
1,3, G

o
1,4, G

e
2,1, G

o
2,2, G

o
2,3, G

o
2,4, G

e
2,5, G

o
2,6, G

o
2,7, G

e
2,8, G

o
3,1, G

o
3,2, G

e
3,3, G

o
3,4,

He
1,1, H

o
1,2, H

o
1,3, H

o
1,4, H

e
1,5, H

o
1,6, H

o
1,7, H

e
1,8, H

e
2,1, H

o
2,2, H

e
2,3, H

e
2,4, H

o
2,5, H

o
2,6, H

e
2,7, H

o
2,8,

He
3,1, H

o
3,2, H

o
3,3, H

o
3,4, H

e
3,5, H

o
3,6, H

o
3,7, H

e
3,8. In addition, the distributions Ee

2,3, E
e
2,4, E

o
2,5,

Ee
2,7, F

e
1,3, F

e
1,4, F

o
2,2, F

e
2,5, F

o
2,6, F

e
2,8, F

e
3,3, F

e
3,4, G

e
1,1, G

o
1,3, G

e
2,2, G

o
2,5, G

e
2,6, G

o
2,8, G

e
3,1, G

o
3,3,

He
1,2, H

o
1,5, H

e
1,6, H

o
1,8, H

o
2,3, H

o
2,4, H

e
2,5, H

o
2,7, H

e
3,2, H

o
3,5, H

e
3,6, H

o
3,8 do not appear in the

correlator any more, because they are multiplied by a coefficient which is linear in ∆. There-

fore, in the TMD-limit only the following 32 (20 T-even and 12 T-odd) distributions survive:

Ee
2,1, E

o
2,2, E

o
2,6, E

o
2,8, F

e
1,1, F

o
1,2, F

e
2,1, F

o
2,3, F

o
2,4, F

o
2,7, F

e
3,1, F

o
3,2, G

e
1,2, G

e
1,4, G

o
2,1, G

e
2,3, G

e
2,4,

Ge
2,7, G

e
3,2, G

e
3,4, H

o
1,1, H

e
1,3, H

e
1,4, H

e
1,7, H

o
2,1, H

e
2,2, H

e
2,6, H

e
2,8, H

o
3,1, H

e
3,3, H

e
3,4, H

e
3,7.

The complete list of TMDs for a spin-1/2 hadron has been given in ref. [2] (see also

the review article [14]). Here the spin vector

S =

[

λ
P+

M
, −λ M

2P+
, ~ST

]

(4.1)

of the nucleon was introduced leading to the linear combination [24]

Φ[Γ](P, x,~kT , N ;S; η) =
1 + λ

2
Φ

[Γ]
++(P, x,~kT , N ; η) +

1 − λ

2
Φ

[Γ]
−−(P, x,~kT , N ; η)

+
S1

T −iS2
T

2
Φ

[Γ]
+−(P, x,~kT , N ; η)+

S1
T +iS2

T

2
Φ

[Γ]
−+(P, x,~kT , N ; η).(4.2)

Now using the conventions of [14] for the TMDs one finds the following explicit relations

between the TMDs and the GTMDs:

f1(x,~k
2
T ) = F e

1,1(x, 0,
~k2

T , 0, 0) , (4.3)

f⊥1T (x,~k2
T ; η) = −F o

1,2(x, 0,
~k2

T , 0, 0; η) , (4.4)

g1L(x,~k2
T ) = Ge

1,4(x, 0,
~k2

T , 0, 0) , (4.5)

g1T (x,~k2
T ) = Ge

1,2(x, 0,
~k2

T , 0, 0) , (4.6)

h⊥1 (x,~k2
T ; η) = −Ho

1,1(x, 0,
~k2

T , 0, 0; η) , (4.7)

h⊥1L(x,~k2
T ) = He

1,7(x, 0,
~k2

T , 0, 0) , (4.8)

h1T (x,~k2
T ) = He

1,3(x, 0,
~k2

T , 0, 0) , (4.9)

h⊥1T (x,~k2
T ) = He

1,4(x, 0,
~k2

T , 0, 0) , (4.10)

e(x,~k2
T ) = Ee

2,1(x, 0,
~k2

T , 0, 0) , (4.11)

eL(x,~k2
T ; η) = −Eo

2,8(x, 0,
~k2

T , 0, 0; η) , (4.12)

eT (x,~k2
T ; η) = −Eo

2,6(x, 0,
~k2

T , 0, 0; η) , (4.13)

e⊥T (x,~k2
T ; η) = −Eo

2,2(x, 0,
~k2

T , 0, 0; η) , (4.14)

f⊥(x,~k2
T ) = F e

2,1(x, 0,
~k2

T , 0, 0) , (4.15)

f⊥L (x,~k2
T ; η) = F o

2,7(x, 0,
~k2

T , 0, 0; η) , (4.16)

f ′T (x,~k2
T ; η) = F o

2,3(x, 0,
~k2

T , 0, 0; η) , (4.17)

f⊥T (x,~k2
T ; η) = F o

2,4(x, 0,
~k2

T , 0, 0; η) , (4.18)
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g⊥(x,~k2
T ; η) = −Go

2,1(x, 0,
~k2

T , 0, 0; η) , (4.19)

g⊥L (x,~k2
T ) = Ge

2,7(x, 0,
~k2

T , 0, 0) , (4.20)

g′T (x,~k2
T ) = Ge

2,3(x, 0,
~k2

T , 0, 0) , (4.21)

g⊥T (x,~k2
T ) = Ge

2,4(x, 0,
~k2

T , 0, 0) , (4.22)

h(x,~k2
T ; η) = −Ho

2,1(x, 0,
~k2

T , 0, 0; η) , (4.23)

hL(x,~k2
T ) = He

2,8(x, 0,
~k2

T , 0, 0) , (4.24)

hT (x,~k2
T ) = He

2,6(x, 0,
~k2

T , 0, 0) , (4.25)

h⊥T (x,~k2
T ) = He

2,2(x, 0,
~k2

T , 0, 0) , (4.26)

f3(x,~k
2
T ) = F e

3,1(x, 0,
~k2

T , 0, 0) , (4.27)

f⊥3T (x,~k2
T ; η) = −F o

3,2(x, 0,
~k2

T , 0, 0; η) , (4.28)

g3L(x,~k2
T ) = Ge

3,4(x, 0,
~k2

T , 0, 0) , (4.29)

g3T (x,~k2
T ) = Ge

3,2(x, 0,
~k2

T , 0, 0) , (4.30)

h⊥3 (x,~k2
T ; η) = −Ho

3,1(x, 0,
~k2

T , 0, 0; η) , (4.31)

h⊥3L(x,~k2
T ) = He

3,7(x, 0,
~k2

T , 0, 0) , (4.32)

h3T (x,~k2
T ) = He

3,3(x, 0,
~k2

T , 0, 0) , (4.33)

h⊥3T (x,~k2
T ) = He

3,4(x, 0,
~k2

T , 0, 0) . (4.34)

These results are obtained by means of eqs. (2.39) and (3.6)–(3.17). The 12 TMDs f⊥1T , h⊥1 ,

eL, eT , e⊥T , f⊥L , fT , f⊥T , g⊥, h, f⊥3T , h⊥3 are T-odd and are related to T-odd parts of GTMDs.

4.2 GPD-limit

In a second step we focus on the GPD-limit which appears when integrating upon the

transverse parton momentum ~kT . As already discussed after eq. (2.38) the dependence

on η drops out in this case which implies, in particular, that all effects of T-odd parts of

GTMDs disappear. In the literature only the twist-2 and the chiral-even twist-3 GPDs

have been introduced [54, 55]. Therefore, we give here for the first time a complete list of

GPDs for all twists. The GPDs parameterize the correlator in (2.38). One finds 8 GPDs

for twist-2, 16 GPDs for twist-3, and 8 GPDs for twist-4.

To be explicit the GPDs can be defined according to

F
[γ+]
λλ′ =

1

2P+
ū(p′, λ′)

[

γ+H(x, ξ, t) +
iσ+∆

2M
E(x, ξ, t)

]

u(p, λ) , (4.35)

F
[γ+γ5]
λλ′ =

1

2P+
ū(p′, λ′)

[

γ+γ5 H̃(x, ξ, t) +
∆+γ5

2M
Ẽ(x, ξ, t)

]

u(p, λ) , (4.36)

F
[iσj+γ5]
λλ′ = − iεijT

2P+
ū(p′, λ′)

[

iσ+iHT (x, ξ, t) +
γ+∆i

T − ∆+γi

2M
ET (x, ξ, t)

+
P+∆i

T − ∆+P i
T

M2
H̃T (x, ξ, t) +

γ+P i
T − P+γi

M
ẼT (x, ξ, t)

]

u(p, λ) , (4.37)

F
[1]
λλ′ =

M

2(P+)2
ū(p′, λ′)

[

γ+H2(x, ξ, t) +
iσ+∆

2M
E2(x, ξ, t)

]

u(p, λ) , (4.38)
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F
[γ5]
λλ′ =

M

2(P+)2
ū(p′, λ′)

[

γ+γ5 H̃2(x, ξ, t) +
P+γ5

M
Ẽ2(x, ξ, t)

]

u(p, λ) , (4.39)

F
[γj ]
λλ′ =

M

2(P+)2
ū(p′, λ′)

[

iσ+j H2T (x, ξ, t) +
γ+∆j

T − ∆+γj

2M
E2T (x, ξ, t)

+
P+∆j

T − ∆+P j
T

M2
H̃2T (x, ξ, t) +

γ+P j
T − P+γj

M
Ẽ2T (x, ξ, t)

]

u(p, λ) , (4.40)

F
[γjγ5]
λλ′ = − iεijT M

2(P+)2
ū(p′, λ′)

[

iσ+iH ′
2T (x, ξ, t) +

γ+∆i
T − ∆+γi

2M
E′

2T (x, ξ, t)

+
P+∆i

T − ∆+P i
T

M2
H̃ ′

2T (x, ξ, t) +
γ+P i

T − P+γi

M
Ẽ′

2T (x, ξ, t)

]

u(p, λ) , (4.41)

F
[iσijγ5]
λλ′ = − iεijT M

2(P+)2
ū(p′, λ′)

[

γ+H ′
2(x, ξ, t) +

iσ+∆

2M
E′

2(x, ξ, t)

]

u(p, λ) , (4.42)

F
[iσ+−γ5]
λλ′ =

M

2(P+)2
ū(p′, λ′)

[

γ+γ5 H̃
′
2(x, ξ, t) +

P+γ5

M
Ẽ′

2(x, ξ, t)

]

u(p, λ) , (4.43)

F
[γ−]
λλ′ =

M2

2(P+)3
ū(p′, λ′)

[

γ+H3(x, ξ, t) +
iσ+∆

2M
E3(x, ξ, t)

]

u(p, λ) , (4.44)

F
[γ−γ5]
λλ′ =

M2

2(P+)3
ū(p′, λ′)

[

γ+γ5 H̃3(x, ξ, t) +
∆+γ5

2M
Ẽ3(x, ξ, t)

]

u(p, λ) , (4.45)

F
[iσj−γ5]
λλ′ = − iεijTM

2

2(P+)3
ū(p′, λ′)

[

iσ+iH3T (x, ξ, t) +
γ+∆i

T − ∆+γi

2M
E3T (x, ξ, t)

+
P+∆i

T − ∆+P i
T

M2
H̃3T (x, ξ, t) +

γ+P i
T − P+γi

M
Ẽ3T (x, ξ, t)

]

u(p, λ) , (4.46)

where t = ∆2. The structure of the traces in (4.35)–(4.46) follows readily from eqs. (3.6)–

(3.17) if one keeps in mind that after integrating upon ~kT the only transverse vector left

is ~∆T . Altogether there exist 32 GPDs corresponding to the number of TMDs. The 16

GPDs H, E, H̃, Ẽ, H2T , E2T , H̃2T , Ẽ2T , H ′
2T , E′

2T , H̃ ′
2T , Ẽ′

2T , H3, E3, H̃3, Ẽ3 are chiral-

even, while the remaining ones are chiral-odd. The definition of the twist-2 GPDs follows

the common definition [54]. The chiral-even twist-3 GPDs H2T , E2T , H̃2T , Ẽ2T , H ′
2T ,

E′
2T , H̃ ′

2T , Ẽ′
2T are related to the functions G1, G2, G3, G4, G̃1, G̃2, G̃3, G̃4 that were

introduced in ref. [55].

It is now straightforward to write down the following expressions for the GPDs in

terms of kT -integrals of GTMDs:

H(x, ξ, t) =

∫

d2~kT

[

F e
1,1 + 2ξ2

(~kT · ~∆T

~∆2
T

F e
1,2 + F e

1,3

)]

, (4.47)

E(x, ξ, t) =

∫

d2~kT

[

− F e
1,1 + 2(1 − ξ2)

(~kT · ~∆T

~∆2
T

F e
1,2 + F e

1,3

)]

, (4.48)

H̃(x, ξ, t) =

∫

d2~kT

[

2ξ

(~kT · ~∆T

~∆2
T

Ge
1,2 +Ge

1,3

)

+Ge
1,4

]

, (4.49)

Ẽ(x, ξ, t) =

∫

d2~kT

[

2(1 − ξ2)

ξ

(~kT · ~∆T

~∆2
T

Ge
1,2 +Ge

1,3

)

−Ge
1,4

]

, (4.50)
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HT (x, ξ, t) =

∫

d2~kT

[

He
1,3 +

~∆2
T

M2

(

(~kT · ~∆T )2

(~∆2
T )2

He
1,4 +

~kT · ~∆T

~∆2
T

He
1,5 +He

1,6

)

−ξ(
~∆2

T + 4M2)

2(1 − ξ2)M2

(~kT · ~∆T

~∆2
T

He
1,7 +He

1,8

)]

, (4.51)

ET (x, ξ, t) =

∫

d2~kT

[

4

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

He
1,4 +

~kT · ~∆T

~∆2
T

He
1,5 +He

1,6

)]

, (4.52)

H̃T (x, ξ, t) =

∫

d2~kT

[(~kT · ~∆T

~∆2
T

He
1,1 +He

1,2

)

−2(1 − ξ2)

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

He
1,4 +

~kT · ~∆T

~∆2
T

He
1,5 +He

1,6

)

+ξ

(~kT · ~∆T

~∆2
T

He
1,7 +He

1,8

)]

, (4.53)

ẼT (x, ξ, t) =

∫

d2~kT

[

4ξ

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

He
1,4 +

~kT · ~∆T

~∆2
T

He
1,5 +He

1,6

)

+2

(~kT · ~∆T

~∆2
T

He
1,7 +He

1,8

)]

, (4.54)

H2(x, ξ, t) =

∫

d2~kT

[

Ee
2,1 + 2ξ2

(~kT · ~∆T

~∆2
T

Ee
2,2 + Ee

2,3

)]

, (4.55)

E2(x, ξ, t) =

∫

d2~kT

[

−Ee
2,1 + 2(1 − ξ2)

(~kT · ~∆T

~∆2
T

Ee
2,2 +Ee

2,3

)]

, (4.56)

H̃2(x, ξ, t) =

∫

d2~kT

[

2ξ

(~kT · ~∆T

~∆2
T

Ee
2,6 + Ee

2,7

)

+ Ee
2,8

]

, (4.57)

Ẽ2(x, ξ, t) =

∫

d2~kT

[

− 2(1 − ξ2)

(~kT · ~∆T

~∆2
T

Ee
2,6 + Ee

2,7

)

+ ξEe
2,8

]

, (4.58)

H ′
2(x, ξ, t) =

∫

d2~kT

[

He
2,1 + 2ξ2

(~kT · ~∆T

~∆2
T

He
2,2 +He

2,3

)]

, (4.59)

E′
2(x, ξ, t) =

∫

d2~kT

[

−He
2,1 + 2(1 − ξ2)

(~kT · ~∆T

~∆2
T

He
2,2 +He

2,3

)]

, (4.60)

H̃ ′
2(x, ξ, t) =

∫

d2~kT

[

2ξ

(~kT · ~∆T

~∆2
T

He
2,6 +He

2,7

)

+He
2,8

]

, (4.61)

Ẽ′
2(x, ξ, t) =

∫

d2~kT

[

− 2(1 − ξ2)

(~kT · ~∆T

~∆2
T

He
2,6 +He

2,7

)

+ ξHe
2,8

]

, (4.62)

H2T (x, ξ, t) =

∫

d2~kT

[

− F e
2,3 +

(~kT · ~∆T )2 − ~k2
T
~∆2

T

M2 ~∆2
T

F e
2,4

+
ξ(~∆2

T + 4M2)

2(1 − ξ2)M2

(~kT · ~∆T

~∆2
T

F e
2,7 + F e

2,8

)]

, (4.63)
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E2T (x, ξ, t) =

∫

d2~kT

[

4

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

F e
2,4 +

~kT · ~∆T

~∆2
T

F e
2,5 + F e

2,6

)]

, (4.64)

H̃2T (x, ξ, t) =

∫

d2~kT

[(~kT · ~∆T

~∆2
T

F e
2,1 + F e

2,2

)

−2(1 − ξ2)

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

F e
2,4 +

~kT · ~∆T

~∆2
T

F e
2,5 + F e

2,6

)

−ξ
(~kT · ~∆T

~∆2
T

F e
2,7 + F e

2,8

)]

, (4.65)

Ẽ2T (x, ξ, t) =

∫

d2~kT

[

4ξ

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

F e
2,4 +

~kT · ~∆T

~∆2
T

F e
2,5 + F e

2,6

)

−2

(~kT · ~∆T

~∆2
T

F e
2,7 + F e

2,8

)]

, (4.66)

H ′
2T (x, ξ, t) =

∫

d2~kT

[

Ge
2,3 +

~∆2
T

M2

(

(~kT · ~∆T )2

(~∆2
T )2

Ge
2,4 +

~kT · ~∆T

~∆2
T

Ge
2,5 +Ge

2,6

)

−ξ(
~∆2

T + 4M2)

2(1 − ξ2)M2

(~kT · ~∆T

~∆2
T

Ge
2,7 +Ge

2,8

)]

, (4.67)

E′
2T (x, ξ, t) =

∫

d2~kT

[

4

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

Ge
2,4 +

~kT · ~∆T

~∆2
T

Ge
2,5 +Ge

2,6

)]

, (4.68)

H̃ ′
2T (x, ξ, t) =

∫

d2~kT

[(~kT · ~∆T

~∆2
T

Ge
2,1 +Ge

2,2

)

−2(1 − ξ2)

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

Ge
2,4 +

~kT · ~∆T

~∆2
T

Ge
2,5 +Ge

2,6

)

+ξ

(~kT · ~∆T

~∆2
T

Ge
2,7 +Ge

2,8

)]

, (4.69)

Ẽ′
2T (x, ξ, t) =

∫

d2~kT

[

4ξ

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

Ge
2,4 +

~kT · ~∆T

~∆2
T

Ge
2,5 +Ge

2,6

)

+2

(~kT · ~∆T

~∆2
T

Ge
2,7 +Ge

2,8

)]

, (4.70)

H3(x, ξ, t) =

∫

d2~kT

[

F e
3,1 + 2ξ2

(~kT · ~∆T

~∆2
T

F e
3,2 + F e

3,3

)]

, (4.71)

E3(x, ξ, t) =

∫

d2~kT

[

− F e
3,1 + 2(1 − ξ2)

(~kT · ~∆T

~∆2
T

F e
3,2 + F e

3,3

)]

, (4.72)

H̃3(x, ξ, t) =

∫

d2~kT

[

2ξ

(~kT · ~∆T

~∆2
T

Ge
3,2 +Ge

3,3

)

+Ge
3,4

]

, (4.73)

Ẽ3(x, ξ, t) =

∫

d2~kT

[

2(1 − ξ2)

ξ

(~kT · ~∆T

~∆2
T

Ge
3,2 +Ge

3,3

)

−Ge
3,4

]

, (4.74)
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Figure 2. Lowest nontrivial order diagram for T-odd TMDs in the scalar diquark spectator model.

The Hermitian conjugate diagram (h.c.) is not shown. The eikonal propagator arising from the

Wilson line in the operator definition of TMDs is indicated by a double line.

H3T (x, ξ, t) =

∫

d2~kT

[

He
3,3 +

~∆2
T

M2

(

(~kT · ~∆T )2

(~∆2
T )2

He
3,4 +

~kT · ~∆T

~∆2
T

He
3,5 +He

3,6

)

−ξ(
~∆2

T + 4M2)

2(1 − ξ2)M2

(~kT · ~∆T

~∆2
T

He
3,7 +He

3,8

)]

, (4.75)

E3T (x, ξ, t) =

∫

d2~kT

[

4

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

He
3,4 +

~kT · ~∆T

~∆2
T

He
3,5 +He

3,6

)]

, (4.76)

H̃3T (x, ξ, t) =

∫

d2~kT

[(~kT · ~∆T

~∆2
T

He
3,1 +He

3,2

)

−2(1 − ξ2)

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

He
3,4 +

~kT · ~∆T

~∆2
T

He
3,5 +He

3,6

)

+ξ

(~kT · ~∆T

~∆2
T

He
3,7 +He

3,8

)]

, (4.77)

Ẽ3T (x, ξ, t) =

∫

d2~kT

[

4ξ

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

He
3,4 +

~kT · ~∆T

~∆2
T

He
3,5 +He

3,6

)

+2

(~kT · ~∆T

~∆2
T

He
3,7 +He

3,8

)]

. (4.78)

The hermiticity constraint (3.18) for the GTMDs, in combination with the relations (4.47)–

(4.78), determines the symmetry behavior of the GPDs under the transformation ξ → −ξ.
One finds that the 10 GPDs ẼT , H̃2, H

′
2, E

′
2, Ẽ

′
2, H2T , E2T , H̃2T , Ẽ′

2T , Ẽ3T are odd

functions in ξ, while all the other GPDs are even in ξ. This implies that the limit ξ → 0

can be performed in eqs. (4.50) and (4.74) without encountering a singularity as the GPDs

Ẽ and Ẽ3 are even functions in ξ. In addition, note that there appears no problem when

performing the limit ~∆T → 0 in eqs. (4.47)–(4.78) because of

∫

d2~kT k
i
T X(x, ξ,~k2

T ,
~kT · ~∆T , ~∆

2
T ; η) ∝ ∆i

T , (4.79)
∫

d2~kT (2ki
T k

j
T − δij

T
~k2

T )X(x, ξ,~k2
T ,
~kT · ~∆T , ~∆

2
T ; η) ∝ (2∆i

T ∆j
T − δij

T
~∆2

T ) , (4.80)

which holds for any GTMD X.
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4.3 Relations between GPDs and TMDs

Having established the precise connection of the GPDs and TMDs with their respective

mother distributions we are now in a position to search for possible model-independent

relations between GPDs and TMDs. From (4.3) and (4.47) it is obvious that the GPD H

and the TMD f1 can be related since both functions are projections of the GTMD F e
1,1.

With an analogous reasoning two additional relations can be obtained for twist-2, three for

twist-3, and three for twist-4 leading altogether to

H(x, 0, 0) =

∫

d2~kT F
e
1,1(x, 0,

~k2
T , 0, 0) =

∫

d2~kT f1(x,~k
2
T ) , (4.81)

H̃(x, 0, 0) =

∫

d2~kT G
e
1,4(x, 0,

~k2
T , 0, 0) =

∫

d2~kT g1L(x,~k2
T ) , (4.82)

HT (x, 0, 0) =

∫

d2~kT

[

He
1,3(x, 0,

~k2
T , 0, 0) +

~k2
T

2M2
He

1,4(x, 0,
~k2

T , 0, 0)

]

=

∫

d2~kT

[

h1T (x,~k2
T ) +

~k2
T

2M2
h⊥1T (x,~k2

T )

]

, (4.83)

H2(x, 0, 0) =

∫

d2~kT E
e
2,1(x, 0,

~k2
T , 0, 0) =

∫

d2~kT e(x,~k
2
T ) , (4.84)

H̃ ′
2(x, 0, 0) =

∫

d2~kT H
e
2,8(x, 0,

~k2
T , 0, 0) =

∫

d2~kT hL(x,~k2
T ) , (4.85)

H ′
2T (x, 0, 0) =

∫

d2~kT

[

Ge
2,3(x, 0,

~k2
T , 0, 0) +

~k2
T

2M2
Ge

2,4(x, 0,
~k2

T , 0, 0)

]

=

∫

d2~kT

[

g′T (x,~k2
T ) +

~k2
T

2M2
g⊥T (x,~k2

T )

]

, (4.86)

H3(x, 0, 0) =

∫

d2~kT F
e
3,1(x, 0,

~k2
T , 0, 0) =

∫

d2~kT f3(x,~k
2
T ) , (4.87)

H̃3(x, 0, 0) =

∫

d2~kT G
e
3,4(x, 0,

~k2
T , 0, 0) =

∫

d2~kT g3L(x,~k2
T ) , (4.88)

H3T (x, 0, 0) =

∫

d2~kT

[

He
3,3(x, 0,

~k2
T , 0, 0) +

~k2
T

2M2
He

3,4(x, 0,
~k2

T , 0, 0)

]

=

∫

d2~kT

[

h3T (x,~k2
T ) +

~k2
T

2M2
h⊥3T (x,~k2

T )

]

. (4.89)

These formulas can be considered as trivial model-independent relations between GPDs and

TMDs (called relations of first type in ref. [24]). Of course, the twist-2 relations (4.81)–

(4.83) were already known before.

Here, we are mainly interested in nontrivial relations between GPDs and TMDs that

have been suggested in the literature [18–25]. So far explicit relations have only been es-

tablished in low-order calculations in the framework of simple spectator models [20, 22–24],

and in one case in a light-cone constituent quark model [25]. Our GTMD-analysis can now

shed light on the question if model-independent nontrivial relations exist.

A complete classification of the nontrivial relations between GPDs and TMDs in lead-

ing twist has been performed in [24], where explicit formulas have been obtained in the
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same diquark spectator model as discussed in appendix C. In that work two distinct types

of nontrivial relations between quark distributions have been considered — one connecting

certain GPDs with the T-odd2 Sivers function f⊥1T [26, 27] and the Boer-Mulders function

h⊥1 [56] (called relations of second type in ref. [24]),

E(x, 0,−~∆2
T ) ↔ −f⊥1T (x,~k2

T ; η) , (4.90)

ET (x, 0,−~∆2
T ) + 2H̃T (x, 0,−~∆2

T ) ↔ −h⊥1 (x,~k2
T ; η) , (4.91)

and one connecting a GPD and the T-even pretzelosity TMD h⊥1T (called relation of third

type in ref. [24]),

H̃T (x, 0,−~∆2
T ) ↔ 1

2
h⊥1T (x,~k2

T ) . (4.92)

As we discuss in the following our GTMD-analysis, however, does not support a model-

independent status of any such relations.

For the relations of second type in eqs. (4.90) and (4.91) this is obvious because,

according to eqs. (4.4), (4.7), (4.48), (4.52), and (4.53) the involved GPDs and TMDs

have different, independent mother distributions. In particular, the GPDs are connected

to T-even parts of GTMDs while the TMDs are connected to T-odd parts of GTMDs.

Unless, for some reason, the GTMDs are subject to further constraints one has to conclude

that there cannot exist a model-independent relation between the GPDs and TMDs as

given in eqs. (4.90) and (4.91). This conclusion is in accordance with the observation

made in [24] that nontrivial relations of second type are likely to even break down in

spectator models once higher order contributions are taken into account. Therefore, one

has to attribute the relations to the simplicity of the used model. Nevertheless, it may well

be that numerically the model-dependent nontrivial relations work reasonably well when

comparing to experimental data. In fact such a case is already known for distributions of

the nucleon, namely the relation between the Sivers function and the GPD E [18–20, 24].

For the relation of third type in eq. (4.92) the GPD as well as the TMD are, according

to eqs. (4.10) and (4.53), related to T-even parts of GTMDs. But the linear combinations

of GTMDs differ in both cases such that no model-independent nontrivial relation of the

type (4.92) can exist. In the context of the diquark spectator model the explicit relation

3

(1 − x)2
H̃T (x, 0, 0) =

∫

d2~kT h
⊥
1T (x,~k2

T ) , (4.93)

was established [24]. One may wonder if, in general, the specific kinematical point ~∆2
T =

ξ = 0 and the kT -integration used in (4.93) might spoil the above argument about different

linear combinations of GTMDs. However, by taking all known symmetry properties of the

GTMDs into account one is still left with such different linear combinations. Even in the

simple diquark spectator model this is the case, and the relation (4.93) also just holds due

to the simplicity of the model.

2Note that in order to generate T-odd TMDs one has to take into account rescattering effects between

the active parton and the spectator system. Therefore, in the diquark spectator model the lowest order

contribution to T-odd TMDs comes from the diagram shown in figure 2.
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In order to illustrate this point we calculate the involved GPD H̃T and TMD h⊥1T in

the scalar diquark model and try to preserve their respective GTMD structure as far as

possible. By inserting the model results for the GTMDs in appendix C into eq. (4.53) one

finds for the GPD H̃T in the case ξ = 0

H̃T (x, 0,−~∆2
T )

=

∫

d2~kT C̃

[

H̃e
1,2(x) − 2

(

2(~kT · ~∆T )2 − ~k2
T
~∆2

T

(~∆2
T )2

H̃e
1,4(x) + H̃e

1,6(x)

)]

. (4.94)

Here we have extracted all dependence on the vectors ~kT and ~∆T from the GTMDs and

put it either into their coefficients or into the overall factor

C̃ =
g2 (1 − x)

2(2π)3
1

[(~kT + 1
2(1 − x) ~∆T )2 + M̃2(x)] [(~kT − 1

2(1 − x) ~∆T )2 + M̃2(x)]
, (4.95)

with

M̃2(x) = xm2
s + (1 − x)m2

q − x(1 − x)M2 . (4.96)

Therefore, the remnants of the GTMDs

H̃e
1,2(x) = (1 − x) (mq + xM)M , (4.97)

H̃e
1,4(x) = −2M2 , (4.98)

H̃e
1,6(x) =

1

2
(1 − x) (mq +M)M (4.99)

only depend on the momentum fraction x. This allows one to perform the ~kT integration,

which yields

H̃T (x, 0,−~∆2
T )

=
g2 (1 − x)

8(2π)2

∫ 1

0
dα

2H̃e
1,2(x) − (1 − 2α)2 (1 − x)2 H̃e

1,4(x) − 4H̃e
1,6(x)

α(1 − α) (1 − x)2 ~∆2
T + M̃2(x)

. (4.100)

In the forward limit this leads to

H̃T (x, 0, 0) =
g2 (1 − x)

8(2π)2
2H̃e

1,2(x) − 1
3(1 − x)2 H̃e

1,4(x) − 4H̃e
1,6(x)

M̃2(x)
. (4.101)

On the other hand, one finds for the zeroth moment of the TMD h⊥1T by inserting the

model results for the GTMDs in appendix C into eq. (4.10)

∫

d2~kT h
⊥
1T (x,~k2

T ) =
g2 (1 − x)

4(2π)2
H̃e

1,4(x)

M̃2(x)
. (4.102)

This shows explicitly that the GPD H̃T and the TMD h⊥1T are connected to different

remnants of GTMDs even in the scalar diquark model.

However, due to the simplicity of the scalar diquark model the remnants of the GTMDs

are related according to

2H̃e
1,2(x) − 4H̃e

1,6(x) = −2(1 − x)2M2 = (1 − x)2 H̃e
1,4(x) . (4.103)
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This immediately implies the relation

3

(1 − x)2
H̃T (x, 0, 0) =

g2 (1 − x)

4(2π)2
H̃e

1,4(x)

M̃2(x)
=

∫

d2~kT h
⊥
1T (x,~k2

T ) , (4.104)

which we already quoted above in (4.93). It should be stressed once again, that this relation

only holds due to the simplicity of the scalar diquark model. In general, no dependence

like eq. (4.103) will exist between the different, independent GTMDs. We note that a

relation like (4.93) was also obtained in a specific light-cone quark model [25], but in that

model a factor different from 3 on the l.h.s. of (4.93) shows up.3 The fact that a formula

corresponding to (4.93) emerges in the framework of another model does not contradict

our general argument that in full QCD a relation of the type (4.92) cannot hold.

By extending our GTMD analysis we find that also for twist-3 and twist-4 no model-

independent nontrivial relations between GPDs and TMDs exist. On the other hand such

relations may well emerge in the framework of simple models.

5 Conclusions

In summary, we have derived the structure of the fully unintegrated, off-diagonal quark-

quark correlator for a spin-1/2 hadron, and thus extended our previous study of the spin-0

case [1]. This object, which contains the most general information on the two-parton

structure of a hadron, has been parameterized in terms of so-called generalized parton

correlation functions (GPCFs). The major challenge in this derivation was to eliminate

all redundant terms without missing any relevant term at the same time. Integrating the

GPCFs upon one light-cone component of the quark momentum leads to entities which

we called generalized transverse momentum dependent parton distributions (GTMDs). In

general, GTMDs can be of direct relevance for the phenomenology of various hard (diffrac-

tive) processes (see, e.g., refs. [35–38]). Our analysis shows that both the GPCFs and

the GTMDs in general are complex-valued functions. This is different from the (simpler)

forward parton distributions, GPDs, and TMDs all of which are real.

Suitable projections of GTMDs lead to GPDs on the one hand and TMDs on the other.

Therefore, GTMDs can be considered as mother distributions of GPDs and TMDs [10, 16,

17]. To study these two limiting cases of GTMDs was the main motivation of the present

work. One outcome was the first complete classification of GPDs for a spin-1/2 hadron

beyond leading twist. Most importantly, we were able to determine which of the GPDs

and TMDs have the same mother distributions allowing us to explore whether model-

independent relations between GPDs and TMDs can be established. One ends up with

nine such model-independent relations. Actually, these cases can be considered as trivial

ones because the respective GPDs and TMDs also have a relation to the same forward

parton distributions (see also ref. [24]). Our main interest was to investigate nontrivial

relations between GPDs and TMDs which have been obtained in models and extensively

been discussed in the recent literature [18–25]. We have restricted this study to leading

3Actually, in ref. [25] the factor 3 appeared, but later on an error in the calculation was found [57].
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twist where three nontrivial relations have been found (see [24] for an overview) — two

involving the T-odd Sivers TMD f⊥1T and the Boer-Mulders TMD h⊥1 , and one in which

the T-even pretzelosity TMD h⊥1T shows up. It turns out that none of these relations

can be promoted to a model-independent status as the respective functions are related

to different (linear combinations of) GTMDs. For the relations containing T-odd TMDs

this finding agrees with ref. [24] where it has been argued that these nontrivial relations

between GPDs and TMDs are likely to break down even in spectator models if the parton

distributions are evaluated to higher order in perturbation theory. Moreover, our model-

independent study for the Boer-Mulders function of a spin-0 hadron came to the same

conclusion [1]. We emphasize that our finding does not tell anything about the numerical

violation of (model-dependent) nontrivial relations between GPDs and TMDs. On the

other hand, such relations have hardly any predictive power and only after all the involved

distributions have been measured one can really judge about their quality.
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A Parameterization of Dirac bilinears

In this appendix we derive the most general parameterization of the scalar, pseudoscalar,

vector, axial vector, and tensor Dirac bilinear introduced in the eqs. (2.6)–(2.10) respecting

the corresponding constraints from parity

ΓS(P, k,∆, N ; η) = +γ0 ΓS(P̄ , k̄, ∆̄, N̄ ; η) γ0 , (A.1)

ΓP(P, k,∆, N ; η) = −γ0 ΓP(P̄ , k̄, ∆̄, N̄ ; η) γ0 , (A.2)

Γµ
V(P, k,∆, N ; η) = +γ0 Γµ̄

V(P̄ , k̄, ∆̄, N̄ ; η) γ0 , (A.3)

Γµ
A(P, k,∆, N ; η) = −γ0 Γµ̄

A(P̄ , k̄, ∆̄, N̄ ; η) γ0 , (A.4)

Γµν
T (P, k,∆, N ; η) = +γ0 Γµ̄ν̄

T (P̄ , k̄, ∆̄, N̄ ; η) γ0 . (A.5)

For this purpose we generalize the method described in [54] for GPDs in an appropriate

way to the case of GPCFs. In order to eliminate independent terms in the parameterization

of the Dirac bilinears we use the Gordon identities

ū(p′, λ′) γµ u(p, λ) = ū(p′, λ′)

[

Pµ

M
+
iσµ∆

2M

]

u(p, λ) , (A.6)

0 = ū(p′, λ′)

[

∆µ

2M
+
iσµP

M

]

u(p, λ) , (A.7)
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ū(p′, λ′) γµγ5 u(p, λ) = ū(p′, λ′)

[

∆µγ5

2M
+
iσµP γ5

M

]

u(p, λ) , (A.8)

0 = ū(p′, λ′)

[

Pµγ5

M
+
iσµ∆γ5

2M

]

u(p, λ) . (A.9)

In addition, we also use the ε-identity

gαβεµνρσ = gµβεανρσ + gνβεµαρσ + gρβεµνασ + gσβεµνρα (A.10)

as well as the σ-identity

iσµνγ5 = −1

2
εµνρσσρσ . (A.11)

A.1 Parameterization of the scalar Dirac bilinear

A complete parameterization of the scalar Dirac bilinear in eq. (2.6) can be obtained by

treating all possible Dirac currents one after the other:

1. vector current [ū(p′, λ′) γµ u(p, λ)]: Using the Gordon identity in eq. (A.6) all vector

currents can be replaced by scalar and tensor currents.

2. axial vector current [ū(p′, λ′) γµγ5 u(p, λ)]: Using the Gordon identity in eq. (A.8) all

axial vector currents can be replaced by pseudoscalar and pseudotensor currents.

3. pseudoscalar current [ū(p′, λ′) γ5 u(p, λ)]: Contracting the Gordon identity in

eq. (A.9) with the light-cone vector N yields

ū(p′, λ′) γ5 u(p, λ) = ū(p′, λ′)
iσ∆Nγ5

2M2
u(p, λ) , (A.12)

so that all pseudoscalar currents can be replaced by pseudotensor currents.

4. pseudotensor current [ū(p′, λ′) iσµνγ5 u(p, λ)]: Using the σ-identity in eq. (A.11) all

pseudotensor currents can be replaced by tensor currents.

5. tensor current [ū(p′, λ′) iσµν u(p, λ)]: All possible tensor currents are of the form

ū(p′, λ′) iσab u(p, λ) (A.13)

with a and b being any of the vectors P , k, ∆, and N . Using the Gordon identity

in eq. (A.7) all tensor currents containing the vector P contracted with σ can be

replaced by scalar currents. Therefore, one is left with three tensor currents

ū(p′, λ′) iσk∆ u(p, λ) , ū(p′, λ′) iσkN u(p, λ) , ū(p′, λ′) iσ∆N u(p, λ) . (A.14)

6. scalar current [ū(p′, λ′)u(p, λ)]: There is only one possible scalar current

ū(p′, λ′)u(p, λ) , (A.15)

which can not be replaced.
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To summarize, the scalar Dirac bilinear in eq. (2.6) is completely parameterized by the

four currents in eqs. (A.14) and (A.15), i. e.,

ū(p′, λ′) ΓS(P, k,∆, N ; η)u(p, λ)

= ū(p′, λ′)

[

AE
1 +

iσk∆

M2
AE

2 +
iσkN

M2
AE

3 +
iσ∆N

M2
AE

4

]

u(p, λ) , (A.16)

where the GPCFs AE
n are scalar functions of P , k, ∆, N , and η.

A.2 Parameterization of the pseudoscalar Dirac bilinear

A complete parameterization of the pseudoscalar Dirac bilinear in eq. (2.7) can be obtained

by treating all possible Dirac currents one after the other:

1. vector current [ū(p′, λ′) γµ u(p, λ)]: Using the Gordon identity in eq. (A.6) all vector

currents can be replaced by scalar and tensor currents.

2. axial vector current [ū(p′, λ′) γµγ5 u(p, λ)]: Using the Gordon identity in eq. (A.8) all

axial vector currents can be replaced by pseudoscalar and pseudotensor currents.

3. pseudoscalar current [ū(p′, λ′) γ5 u(p, λ)]: Using eq. (A.12) all pseudoscalar currents

can be replaced by pseudotensor currents.

4. tensor current [ū(p′, λ′) iσµν u(p, λ)]: Using the σ-identity in eq. (A.11) all tensor

currents can be replaced by pseudotensor currents.

5. pseudotensor current [ū(p′, λ′) iσµνγ5 u(p, λ)]: All possible pseudotensor currents are

of the form

ū(p′, λ′) iσabγ5 u(p, λ) (A.17)

with a and b being any of the vectors P , k, ∆, and N . Now, multiplying the Gordon

identity in eq. (A.7) with an ε-tensor and using the ε-identity in eq. (A.10) as well

as the σ-identity in eq. (A.11) yields

0 = ū(p′, λ′)

[

Pµ iσνργ5

M
+
P ν iσρµγ5

M
+
P ρ iσµνγ5

M
− iεµνρ∆

2M

]

u(p, λ) . (A.18)

Contracting this equation in turn with Pµ, kν , Nρ and Pµ, ∆ν , Nρ and kµ, ∆ν , Nρ

allows to replace some pseudotensor currents by scalar and pseudotensor currents

ū(p′, λ′) iσPkγ5 u(p, λ)

= ū(p′, λ′)

[

P · k iσPNγ5

M2
− P 2 iσkNγ5

M2
− iεPk∆N

2M2

]

u(p, λ) , (A.19)

ū(p′, λ′) iσP∆γ5 u(p, λ)

= ū(p′, λ′)

[

− P 2 iσ∆Nγ5

M2

]

u(p, λ) , (A.20)
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ū(p′, λ′) iσk∆γ5 u(p, λ)

= ū(p′, λ′)

[

− P · k iσ∆Nγ5

M2

]

u(p, λ) , (A.21)

so that one is left with three pseudotensor currents

ū(p′, λ′) iσPNγ5 u(p, λ) , ū(p′, λ′) iσkNγ5 u(p, λ) , ū(p′, λ′) iσ∆Nγ5 u(p, λ) . (A.22)

6. scalar current [ū(p′, λ′)u(p, λ)]: There is only one possible scalar current

ū(p′, λ′) iεPk∆N u(p, λ) , (A.23)

which can not be replaced.

To summarize, the pseudoscalar Dirac bilinear in eq. (2.7) is completely parameterized by

the four currents in eqs. (A.22) and (A.23), i. e.,

ū(p′, λ′) ΓP(P, k,∆, N ; η)u(p, λ)

= ū(p′, λ′)

[

iεPk∆N

M4
AE

5 +
iσPNγ5

M2
AE

6 +
iσkNγ5

M2
AE

7 +
iσ∆Nγ5

M2
AE

8

]

u(p, λ) , (A.24)

where the GPCFs AE
n are scalar functions of P , k, ∆, N , and η.

A.3 Parameterization of the vector Dirac bilinear

A complete parameterization of the vector Dirac bilinear in eq. (2.8) can be obtained by

treating all possible Dirac currents one after the other:

1. vector current [ū(p′, λ′) γµ u(p, λ)]: Using the Gordon identity in eq. (A.6) all vector

currents can be replaced by scalar and tensor currents.

2. axial vector current [ū(p′, λ′) γµγ5 u(p, λ)]: Using the Gordon identity in eq. (A.8) all

axial vector currents can be replaced by pseudoscalar and pseudotensor currents.

3. pseudoscalar current [ū(p′, λ′) γ5 u(p, λ)]: Using eq. (A.12) all pseudoscalar currents

can be replaced by pseudotensor currents.

4. pseudotensor current [ū(p′, λ′) iσµνγ5 u(p, λ)]: Using the σ-identity in eq. (A.11) all

pseudotensor currents can be replaced by tensor currents.

5. tensor current [ū(p′, λ′) iσµν u(p, λ)]: All possible tensor currents are of the form

ū(p′, λ′) iσµa u(p, λ) , ū(p′, λ′) aµ iσbc u(p, λ) (A.25)

with a, b, and c being any of the vectors P , k, ∆, and N . Using the Gordon identity

in eq. (A.7) all tensor currents containing the vector P contracted with σ can be

replaced by scalar currents. Therefore, one is left with 15 tensor currents

ū(p′, λ′) iσµk u(p, λ) , ū(p′, λ′) iσµ∆ u(p, λ) , ū(p′, λ′) iσµN u(p, λ) ,

ū(p′, λ′) aµ iσk∆ u(p, λ) , ū(p′, λ′) aµ iσkN u(p, λ) , ū(p′, λ′) aµ iσ∆N u(p, λ) (A.26)

with a being any of the vectors P , k, ∆, and N .
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6. scalar current [ū(p′, λ′)u(p, λ)]: There are four possible scalar currents

ū(p′, λ′) aµ u(p, λ) (A.27)

with a being any of the vectors P , k, ∆, and N , which can not be replaced.

So far, we were able to reduce the number of currents needed to parameterize the vector

Dirac bilinear in eq. (2.8) to the 19 currents in eqs. (A.26) and (A.27). However, it is

possible to reduce this number even further by using that in Minkowski space

det















gαµ gβµ gγµ gδµ gεµ

gαν gβν gγν gδν gεν

gαρ gβρ gγρ gδρ gερ

gασ gβσ gγσ gδσ gεσ

gατ gβτ gγτ gδτ gετ















= 0 . (A.28)

Contracting this determinant with Pα, kβ , ∆γ , Nδ, Pν , kρ, ∆σ, and Nτ and then in turn

with iσε
k, iσε

∆, and iσε
N yields

ū(p′, λ′) det















Pµ kµ ∆µ Nµ iσµk

P 2 P · k 0 P ·N 1
2k · ∆

P · k k2 k · ∆ k ·N 0

0 k · ∆ ∆2 ∆ ·N −iσk∆

P ·N k ·N ∆ ·N 0 −iσkN















u(p, λ) = 0 , (A.29)

ū(p′, λ′) det















Pµ kµ ∆µ Nµ iσµ∆

P 2 P · k 0 P ·N 1
2∆2

P · k k2 k · ∆ k ·N iσk∆

0 k · ∆ ∆2 ∆ ·N 0

P ·N k ·N ∆ ·N 0 −iσ∆N















u(p, λ) = 0 , (A.30)

ū(p′, λ′) det















Pµ kµ ∆µ Nµ iσµN

P 2 P · k 0 P ·N 1
2∆ ·N

P · k k2 k · ∆ k ·N iσkN

0 k · ∆ ∆2 ∆ ·N iσ∆N

P ·N k ·N ∆ ·N 0 0















u(p, λ) = 0 . (A.31)

For P 6= 0, k 6= 0, ∆ 6= 0, and N 6= 0 these three equations are nontrivial and allow one

to eliminate three of the 19 currents we have left. As P and N are always different from

zero, it is most convenient to eliminate the tensor currents

∆µ iσk∆ , ∆µ iσkN , kµ iσ∆N (A.32)

because either k and ∆ are different form zero and we are able to eliminate them using

the constraints in eqs. (A.29)–(A.31) or at least one of the vectors is zero and the whole

current vanishes. Therefore, one possible parameterization of the vector Dirac bilinear in

eq. (2.8), is given by

ū(p′, λ′) Γµ
V(P, k,∆, N ; η)u(p, λ)

= ū(p′, λ′)

[

Pµ

M
AF

1 +
kµ

M
AF

2 +
∆µ

M
AF

3 +
Nµ

M
AF

4 +
iσµk

M
AF

5 +
iσµ∆

M
AF

6 +
iσµN

M
AF

7
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+
Pµ iσk∆

M3
AF

8 +
kµ iσk∆

M3
AF

9 +
Nµ iσk∆

M3
AF

10 +
Pµ iσkN

M3
AF

11 +
kµ iσkN

M3
AF

12

+
Nµ iσkN

M3
AF

13 +
Pµ iσ∆N

M3
AF

14 +
∆µ iσ∆N

M3
AF

15 +
Nµ iσ∆N

M3
AF

16

]

u(p, λ) , (A.33)

where the GPCFs AF
n are scalar functions of P , k, ∆, N , and η.

A.4 Parameterization of the axial vector Dirac bilinear

A complete parameterization of the axial vector Dirac bilinear in eq. (2.9) can be obtained

by treating all possible Dirac currents one after the other:

1. vector current [ū(p′, λ′) γµ u(p, λ)]: Using the Gordon identity in eq. (A.6) all vector

currents can be replaced by scalar and tensor currents.

2. axial vector current [ū(p′, λ′) γµγ5 u(p, λ)]: Using the Gordon identity in eq. (A.8) all

axial vector currents can be replaced by pseudoscalar and pseudotensor currents.

3. pseudoscalar current [ū(p′, λ′) γ5 u(p, λ)]: Using eq. (A.12) all pseudoscalar currents

can be replaced by pseudotensor currents.

4. tensor current [ū(p′, λ′) iσµν u(p, λ)]: Using the σ-identity in eq. (A.11) all tensor

currents can be replaced by pseudotensor currents.

5. pseudotensor current [ū(p′, λ′) iσµνγ5 u(p, λ)]: All possible pseudotensor currents are

of the form

ū(p′, λ′) iσµaγ5 u(p, λ) , ū(p′, λ′) aµ iσbcγ5 u(p, λ) (A.34)

with a, b and c being any of the vectors P , k, ∆, and N . Now, contracting eq. (A.18)

with Nν and in turn with Pρ, kρ, and ∆ρ yields

ū(p′, λ′) iσµP γ5 u(p, λ)

= ū(p′, λ′)

[

P 2 iσµNγ5

M2
− Pµ iσPNγ5

M2
− iεµP∆N

2M2

]

u(p, λ) , (A.35)

ū(p′, λ′) iσµkγ5 u(p, λ)

= ū(p′, λ′)

[

P · k iσµNγ5

M2
− Pµ iσkNγ5

M2
− iεµk∆N

2M2

]

u(p, λ) , (A.36)

ū(p′, λ′) iσµ∆γ5 u(p, λ)

= ū(p′, λ′)

[

− Pµ iσ∆Nγ5

M2

]

u(p, λ) , (A.37)

which together with eqs. (A.19)–(A.21) allows one to replace some pseudotensor cur-

rents by scalar and pseudotensor currents. Therefore, one is left with 13 pseudoten-

sor currents

ū(p′, λ′) iσµP γ5 u(p, λ) , ū(p′, λ′) iσµkγ5 u(p, λ) , ū(p′, λ′) iσµNγ5 u(p, λ) ,

ū(p′, λ′) aµ iσPNγ5 u(p, λ) , ū(p′, λ′) aµ iσkNγ5 u(p, λ) ,

ū(p′, λ′)Pµ iσ∆Nγ5 u(p, λ) , ū(p′, λ′) aµ iσ∆Nγ5 u(p, λ) (A.38)
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with a being any of the vectors k, ∆, and N .

6. scalar current [ū(p′, λ′)u(p, λ)]: There are four possible scalar currents

ū(p′, λ′) iεµabc u(p, λ) (A.39)

with a, b, and c being any of the vectors P , k, ∆, and N , which can not be replaced.

So far, we were able to reduce the number of currents needed to parameterize the axial

vector Dirac bilinear in eq. (2.9) to the 17 currents in eqs. (A.38) and (A.39). However, it

is possible to reduce this number even further by considering eq. (A.28). Contracting this

determinant with Pα, kβ, ∆γ , Nδ, Pν , kρ, ∆σ, Nτ and iσε
Nγ5 and using eqs. (A.19)–(A.21)

and (A.35)–(A.37) yields

ū(p′, λ′) det















0 kµ ∆µ Nµ 0

P 2 P · k 0 P ·N iσPNγ5

P · k k2 k · ∆ k ·N iσkNγ5

0 k · ∆ ∆2 ∆ ·N iσ∆Nγ5

P ·N k ·N ∆ ·N 0 0















u(p, λ)

= ū(p′, λ′) det











P · k 0 P ·N −P ·N iσµP γ5 − 1
2 iε

µP∆N

k2 k · ∆ k ·N −P ·N iσµkγ5 − 1
2 iε

µk∆N

k · ∆ ∆2 ∆ ·N Pµ iσ∆Nγ5

k ·N ∆ ·N 0 −P ·N iσµNγ5











u(p, λ) . (A.40)

For P 6= 0, k 6= 0, ∆ 6= 0, and N 6= 0 this equation is nontrivial and allows one to eliminate

one of the 17 currents we have left. As P and N are always different from zero, it is most

convenient to eliminate the tensor current

kµ iσ∆Nγ5 (A.41)

because either k and ∆ are different form zero and we are able to eliminate it using the con-

straint in eq. (A.40) or at least one of the vectors is zero and the whole current vanishes.

Therefore, one possible parameterization of the axial vector Dirac bilinear in eq. (2.9),

is given by

ū(p′, λ′) Γµ
A(P, k,∆, N ; η)u(p, λ)

= ū(p′, λ′)

[

iεµPk∆

M3
AG

1 +
iεµPkN

M3
AG

2 +
iεµP∆N

M3
AG

3 +
iεµk∆N

M3
AG

4

+
iσµP γ5

M
AG

5 +
iσµkγ5

M
AG

6 +
iσµNγ5

M
AG

7 +
kµ iσPNγ5

M3
AG

8 +
∆µ iσPNγ5

M3
AG

9

+
Nµ iσPNγ5

M3
AG

10 +
kµ iσkNγ5

M3
AG

11 +
∆µ iσkNγ5

M3
AG

12 +
Nµ iσkNγ5

M3
AG

13

+
Pµ iσ∆Nγ5

M3
AG

14 +
∆µ iσ∆Nγ5

M3
AG

15 +
Nµ iσ∆Nγ5

M3
AG

16

]

u(p, λ) , (A.42)

where the GPCFs AG
n are scalar functions of P , k, ∆, N , and η.
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A.5 Parameterization of the tensor Dirac bilinear

A complete parameterization of the tensor Dirac bilinear in eq. (2.10) can be constructed

from the parameterization of the pseudoscalar and the vector Dirac bilinears in eqs. (A.24)

and (A.33). Respecting the antisymmetry of the tensor Dirac bilinear in eq. (2.10) it can

be rewritten as

ū(p′, λ′) Γµν
T (P, k,∆, N ; η)u(p, λ)

= (δµ
ρ δ

ν
σ − δν

ρδ
µ
σ ) ū(p′, λ′)

[(

P ρ

M
− P 2Nρ

2M3

)

M Γ+σ
T (P, k,∆, N ; η)

P · n

+
Nρ

M

(

δσ
τ − P σNτ

M2

)

(P · n) Γ−τ
T (P, k,∆, N ; η)

M

− iερσPN

2M2
iΓ12

T (P, k,∆, N ; η)

]

u(p, λ) , (A.43)

where from eqs. (A.1)–(A.5) it follows that the structures M Γ+µ
T /(P ·n) and (P ·n) Γ−µ

T /M

behave like vectors under parity whereas the structure iΓ12
T behaves like a pseudoscalar.

Therefore, inserting the respective parameterization from eqs. (A.24) and (A.33) into (A.43)

a possible parameterization of the tensor Dirac bilinear in eq. (2.10) is given by

ū(p′, λ′) Γµν
T (P, k,∆, N ; η)u(p, λ)

= (δµ
ρ δ

ν
σ − δν

ρδ
µ
σ) ū(p′, λ′)

[(

P ρ

M
− P 2Nρ

2M3

)(

P σ

M
A1 +

kσ

M
A2 +

∆σ

M
A3 +

Nσ

M
A4

+
iσσk

M
A5 +

iσσ∆

M
A6 +

iσσN

M
A7 +

P σ iσk∆

M3
A8 +

kσ iσk∆

M3
A9 +

Nσ iσk∆

M3
A10

+
P σ iσkN

M3
A11 +

kσ iσkN

M3
A12 +

Nσ iσkN

M3
A13 +

P σ iσ∆N

M3
A14 +

∆σ iσ∆N

M3
A15

+
Nσ iσ∆N

M3
A16

)

+
Nρ

M

(

δσ
τ − P σNτ

M2

)(

P τ

M
A17 +

kτ

M
A18 +

∆τ

M
A19 +

N τ

M
A20

+
iστk

M
A21 +

iστ∆

M
A22 +

iστN

M
A23 +

P τ iσk∆

M3
A24 +

kτ iσk∆

M3
A25 +

N τ iσk∆

M3
A26

+
P τ iσkN

M3
A27 +

kτ iσkN

M3
A28 +

N τ iσkN

M3
A29 +

P τ iσ∆N

M3
A30 +

∆τ iσ∆N

M3
A31

+
N τ iσ∆N

M3
A32

)

− iερσPN

2M2

(

iεPk∆N

M4
A33 +

iσPNγ5

M2
A34 +

iσkNγ5

M2
A35

+
iσ∆Nγ5

M2
A36

)]

u(p, λ) . (A.44)

Of course, not all 36 structures in this parameterization are independent. It is therefore

necessary to rearrange them in order to obtain a minimal set of structures for the pa-

rameterization of the tensor Dirac bilinear in eq. (2.10). By first performing all possible

contractions in eq. (A.44) and after that using the σ-identity in (A.11) for the last three
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terms as well as the identity

ǫαβγδǫµνρσ = − det











gαµ gβµ gγµ gδµ

gαν gβν gγν gδν

gαρ gβρ gγρ gδρ

gασ gβσ gγσ gδσ











(A.45)

for all products of two ǫ-tensors the number of independent structures already reduces

significantly. Finally, the Gordon identity in eq. (A.7) allows one to express all tensor

currents containing a σ-matrix contracted with P in terms of scalar currents. This reduces

the number of independent structures to 24, which are given for example by

ū(p′, λ′) Γµν
T (P, k,∆, N ; η)u(p, λ)

= (δµ
ρ δ

ν
σ − δν

ρδ
µ
σ) ū(p′, λ′)

[

P ρkσ

M2
AH

1 +
P ρ∆σ

M2
AH

2 +
P ρNσ

M2
AH

3 +
kρ∆σ

M2
AH

4

+
kρNσ

M2
AH

5 +
∆ρNσ

M2
AH

6 + iσρσ AH
7 +

P ρ iσσk

M2
AH

8 +
Nρ iσσk

M2
AH

9

+
P ρ iσσ∆

M2
AH

10 +
Nρ iσσ∆

M2
AH

11 +
P ρ iσσN

M2
AH

12 +
kρ iσσN

M2
AH

13 +
∆ρ iσσN

M2
AH

14

+
Nρ iσσN

M2
AH

15 +
P ρkσ iσk∆

M4
AH

16 +
P ρNσ iσk∆

M4
AH

17 +
kρNσ iσk∆

M4
AH

18

+
P ρkσ iσkN

M4
AH

19 +
P ρNσ iσkN

M4
AH

20 +
kρNσ iσkN

M4
AH

21 +
P ρ∆σ iσ∆N

M4
AH

22

+
P ρNσ iσ∆N

M4
AH

23 +
∆ρNσ iσ∆N

M4
AH

24

]

u(p, λ) , (A.46)

where the GPCFs AH
n are scalar functions of P , k, ∆, N , and η and are related to the

structures An in eq. (A.44) by

AH
1 = A2 +

∆ ·N
M2

A33 , (A.47)

AH
2 = A3 −

k ·N
M2

A33 , (A.48)

AH
3 =

P 2

2M2
A1 +A4 +

k ·N
M2

A18 +
∆ ·N
M2

A19

−(P · k) (∆ ·N)

M4
A33 −

∆ ·N
2M2

A34 , (A.49)

AH
4 = A33 , (A.50)

AH
5 =

P 2

2M2
A2 −A18 +

P 2 (∆ ·N)

M4
A33 −

∆ ·N
2M2

A35 , (A.51)

AH
6 =

P 2

2M2
A3 −A19 −

P 2 (k ·N) − (P · k) (P ·N)

M4
A33

+
1

2
A34 +

k ·N
2M2

A35 , (A.52)

AH
7 =

1

2
A34 +

k ·N
2M2

A35 +
∆ ·N
2M2

A36 , (A.53)

AH
8 = A5 , (A.54)
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AH
9 = − P 2

2M2
A5 +A21 , (A.55)

AH
10 = A6 , (A.56)

AH
11 = − P 2

2M2
A6 +A22 , (A.57)

AH
12 = A7 +A34 , (A.58)

AH
13 = A35 , (A.59)

AH
14 = A36 , (A.60)

AH
15 = − P 2

2M2
A7 +A23 −

P 2

M2
A34 −

P · k
M2

A35 , (A.61)

AH
16 = A9 , (A.62)

AH
17 =

P 2

2M2
A8 +A10 +

k ·N
M2

A25 , (A.63)

AH
18 =

P 2

2M2
A9 −A25 , (A.64)

AH
19 = A12 , (A.65)

AH
20 =

P 2

2M2
A11 +A13 −A21 +

k ·N
M2

A28 , (A.66)

AH
21 =

P 2

2M2
A12 −A28 , (A.67)

AH
22 = A15 , (A.68)

AH
23 =

P 2

2M2
A14 +A16 −A22 +

∆ ·N
M2

A31 , (A.69)

AH
24 =

P 2

2M2
A15 −A31 . (A.70)

B Relations between GTMDs and GPCFs

Here the explicit relations between the leading twist GTMDs in eqs. (3.6)–(3.8) and the

GPCFs in eqs. (2.19)–(2.21) are listed. For brevity we leave out the arguments of the

functions. Straightforward calculation leads to the results

F1,1 = 2P+

∫

dk−
[

AF
1 + xAF

2 − 2ξAF
3 + ξ

(

xAF
5 − 2ξAF

6

)

+
2ξ k · ∆ + x∆2

2M2

(

AF
8 + xAF

9

)

−xξ
(

AF
11 + xAF

12

)

+ 2ξ2
(

AF
14 − 2ξAF

15

)]

, (B.1)

F1,2 = 2P+

∫

dk−
[

AF
5 − 2ξP 2

M2

(

AF
8 + xAF

9

)

−
(

AF
11 + xAF

12

)]

, (B.2)

F1,3 = 2P+

∫

dk−
[

AF
6 − xP 2 − P · k

M2

(

AF
8 + xAF

9

)

−
(

AF
14 − 2ξAF

15

)]

, (B.3)

F1,4 = 2P+

∫

dk−
[

AF
8 + xAF

9

]

, (B.4)
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G1,1 = 2P+

∫

dk−
[

AG
1

]

, (B.5)

G1,2 = 2P+

∫

dk−
[

AG
6 −

(

xAG
11 − 2ξAG

12

)]

, (B.6)

G1,3 = 2P+

∫

dk−
[

−
(

AG
14 − 2ξAG

15

)]

, (B.7)

G1,4 = 2P+

∫

dk−
[

AG
5 + xAG

6 − xAG
8 + 2ξAG

9 − x

(

xAG
11 − 2ξAG

12

)

+2ξ

(

AG
14 − 2ξAG

15

)]

, (B.8)

H1,1 = 2P+

∫

dk−
[

AH
1 + 2ξAH

4 +
2ξ k · ∆ + x∆2

2M2
AH

16 − xξAH
19

]

, (B.9)

H1,2 = 2P+

∫

dk−
[

AH
2 + xAH

4 − 1

2
xAH

8 + ξAH
10 + 2ξ2AH

22

]

, (B.10)

H1,3 = 2P+

∫

dk−
[

2AH
7 +

xP 2 − P · k
M2

AH
8 − 2ξP 2

M2
AH

10 −
(

AH
12 + xAH

13 − 2ξAH
14

)

−P
2 (2ξk2 + x k · ∆) − P · k (2ξ P · k + k · ∆)

M4
AH

16

−x
2P 2 − 2xP · k + k2

M2
AH

19 −
4ξ2P 2 + ∆2

M2
AH

22

]

, (B.11)

H1,4 = 2P+

∫

dk−
[

−AH
19 −

2ξP 2

M2
AH

16

]

, (B.12)

H1,5 = 2P+

∫

dk−
[

− xP 2 − P · k
M2

AH
16

]

, (B.13)

H1,6 = 2P+

∫

dk−
[

−AH
22

]

, (B.14)

H1,7 = 2P+

∫

dk−
[

−AH
8 − 2xξP 2 − 2ξ P · k − k · ∆

M2
AH

16

]

, (B.15)

H1,8 = 2P+

∫

dk−
[

−AH
10 −

x2P 2 − 2xP · k + k2

M2
AH

16

]

. (B.16)

C Model calculation of GTMDs

For illustrative purposes and in order to get a first estimate we calculate all the leading

twist GTMDs in the scalar spectator diquark model of the nucleon (see, e.g., ref. [58]) by

restricting ourselves to lowest nontrivial order in perturbation theory. The Lagrangian of

the diquark model reads

LSDM(x) = Ψ̄(x) (iγµ∂µ −M)Ψ(x) + ψ̄(x) (iγµ∂µ −mq)ψ(x)

+∂µϕ∗(x) ∂µϕ(x) −m2
s ϕ

∗(x)ϕ(x)

+g
[

ψ̄(x)Ψ(x)ϕ∗(x) + Ψ̄(x)ψ(x)ϕ(x)
]

, (C.1)

where Ψ denotes the nucleon field, ψ the quark field, and ϕ the scalar diquark field. The

essential ingredient of the model is a three-point interaction between the target, quarks,
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P − k
P + 1

2
∆

P − 1
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k + 1

2
∆k − 1

2
∆

P − k

P + 1

2
∆

P − 1

2
∆

k + 1

2
∆k − 1

2
∆

P − k
P + 1

2
∆

Figure 3. Lowest nontrivial order diagrams contributing to the GTMDs in the scalar spectator

diquark model. The second and third diagram are only relevant for the ERBL region which is

characterized by |x| ≤ |ξ|.

and diquarks, with the coupling constant g. This framework allows one to carry out

perturbative calculations. All the results for parton distributions given below contain the

coupling g to the second power. Notice also that the condition M < mq + ms has to be

fulfilled in order to have a stable target state.

The lowest order contribution to the generalized kT -dependent correlator in eq. (3.1)

comes from the tree-level diagrams depicted in figure 3. These diagrams can be evaluated

in a straightforward manner yielding

W
[Γ]
λλ′(P, x,~kT ,∆, N ; η)

=
g2 (1 − x) (x2 − ξ2)

4(2π)3P+

[

N(k−1 )

D+D−
Θ(1 − x) − N(k−2 )

D+ (D− −D+)
Θ(ξ − x)

− N(k−3 )

(D+ −D−)D−
Θ(−ξ − x)

]

Θ(1 − |ξ|) , (C.2)

where the numerator N(k−) is given by

N(k−) = ū(p′, λ′) (/k +
1

2
/∆ +mq) Γ (/k − 1

2
/∆ +mq)u(p, λ) , (C.3)

the denominators D± by

D± =
x± ξ

1 ∓ ξ

(

(1 ∓ ξ)~kT ± 1

2
(1 − x) ~∆T

)2

+ (x2 − ξ2)m2
s

+ (1 − x) (x± ξ)m2
q −

(1 − x) (x2 − ξ2)

1 ∓ ξ
M2 , (C.4)
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and k− is fixed by the cuts in the diagrams to be

k−1 =
1
4
~∆2

T +M2

2(1 − ξ2)P+
−

~k2
T +m2

s

2(1 − x)P+
, (C.5)

k−2 = −ξ
1
4
~∆2

T +M2

2(1 − ξ2)P+
+

(~kT + 1
2
~∆T )2 +m2

q

2(x− ξ)P+
, (C.6)

k−3 = ξ
1
4
~∆2

T +M2

2(1 − ξ2)P+
+

(~kT − 1
2
~∆T )2 +m2

q

2(x+ ξ)P+
. (C.7)

Since the calculation is carried out only to lowest order in perturbation theory, no effect

due to the Wilson line enters. As a consequence, the correlator (C.2) actually does not

depend on the parameter η.

Using now the expression (C.2) and the definitions for the GTMDs in eqs. (3.6)–(3.8)

it is possible to calculate the leading twist GTMDs. As for leading twist the numerator

N(k−) in eq. (C.3) does actually not depend on k−, the final expressions are not too

complicated. They read4

F e
1,1 = C

[

(1 − ξ2)

(

~k2
T + (mq +M)2

)

+ (1 − x)

(

ξ ~kT · ~∆T − 2(mq + xM)M

)

−1

4
(1 − x)2

(

~∆2
T + 4M2

)]

, (C.8)

F e
1,2 = 2C

[

ξ(1 − x)

4(1 − ξ2)

(

~∆2
T + 4M2

)]

, (C.9)

F e
1,3 =

1

2
C

[(

~k2
T + (mq +M)2

)

− (1 − x)2

4(1 − ξ2)

(

~∆2
T + 4M2

)]

, (C.10)

F e
1,4 = −C

[

(1 − x)M2

]

, (C.11)

Ge
1,1 = −C

[

(1 − x)M2

]

, (C.12)

Ge
1,2 = −2C

[

1 − x

4(1 − ξ2)

(

~∆2
T + 4M2

)

− (mq +M)M

]

, (C.13)

Ge
1,3 = −1

2
C

[

ξ

(

~k2
T − (mq +M)2

)

− (1 − x)~kT · ~∆T

−ξ(1 − x)2

4(1 − ξ2)

(

~∆2
T + 4M2

)]

, (C.14)

Ge
1,4 = −C

[

(1 − ξ2)

(

~k2
T − (mq +M)2

)

+ (1 − x)

(

ξ ~kT · ~∆T + 2(mq +M)M

)

−1

4
(1 − x)2

(

~∆2
T + 4M2

)]

, (C.15)

He
1,1 = 2C

[

ξ(1 − x)M2

]

, (C.16)

4In ref. [1] we obtained results for the GTMDs of a spin-0 target in a simple spectator model. Those

results are only complete for |ξ| ≤ x ≤ 1. But note also that this specific kinematical region includes the

case ξ = 0 which is relevant for discussing potential nontrivial relations between GPDs and TMDs.
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He
1,2 = C

[

(1 − x) (mq + xM)M

]

, (C.17)

He
1,3 = C

[(

~k2
T + (mq +M)2

)

+
ξ (mq +M)

M

~k2
T
~∆2

T − (~kT · ~∆T )2

~kT · ~∆T

−(1 − x) ((mq +M) + (mq + xM))

4(1 − ξ2)M

(

~∆2
T + 4M2

)]

, (C.18)

He
1,4 = −C

[

ξ ~∆2
T

~kT · ~∆T

(mq +M)M + 2M2

]

, (C.19)

He
1,5 = C

[

ξ (mq +M)M

]

, (C.20)

He
1,6 = −C

[(

ξ ~k2
T

~kT · ~∆T

− 1

2
(1 − x)

)

(mq +M)M

]

, (C.21)

He
1,7 = −2C

[

(1 − ξ2) (mq +M)M − (1 − x)M2

]

, (C.22)

He
1,8 = −C

[

ξ(1 − x) (mq +M)M

]

, (C.23)

with5

C =























































































0 for x ≥ 1 (unphysical region),

g2 (1 − x) (x2 − ξ2)

2(2π)3 D+D−
for |ξ| ≤ x ≤ 1 (DGLAP region for quarks),

g2 (1 − x) (x2 − ξ2)

2(2π)3 (D+ −D−)D−
for −1 ≤ −ξ ≤ x ≤ ξ ≤ 1 (ERBL region for ξ ≥ 0),

g2 (1 − x) (x2 − ξ2)

2(2π)3 D+ (D− −D+)
for −1 ≤ ξ ≤ x ≤ −ξ ≤ 1 (ERBL region for ξ ≤ 0),

0 for −1 ≤ x ≤ −|ξ| (DGLAP region for antiquarks),

0 for x ≤ −1 (unphysical region).

(C.24)

To shorten the notation we have suppressed the arguments of the GTMDs. All (näıve)

T-odd parts of GTMDs vanish to lowest order in perturbation theory investigated here.

To get nonzero results for these functions requires considering at least one-loop corrections

that include effects from the Wilson line. We checked that the limits of TMDs and GPDs

for ξ = 0 agree with the results found in [24].
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