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ABSTRACT: The fully unintegrated, off-diagonal quark-quark correlator for a spin-1/2
hadron is parameterized in terms of so-called generalized parton correlation functions.
Such objects, in particular, can be considered as mother distributions of generalized parton
distributions on the one hand and transverse momentum dependent parton distributions
on the other. Therefore, our study provides new, model-independent insights into the
recently proposed nontrivial relations between generalized and transverse momentum de-
pendent parton distributions. We find that none of these relations can be promoted to
a model-independent status. As a by-product we obtain the first complete classification
of generalized parton distributions beyond leading twist. The present paper is a natural
extension of our previous corresponding analysis for spin-0 hadrons.
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1 Introduction

In a recent work we parameterized the fully unintegrated, off-diagonal quark-quark cor-
relator for a spin-0 hadron in terms of so-called generalized parton correlation functions
(GPCFs) [1]. The GPCFs depend on the full 4-momentum of the quark and, in addition,
on the momentum transfer to the hadron. As such they contain the maximum amount of
information about the partonic structure of hadrons. The purpose of the present paper is



to extend this analysis to the more interesting but at the same time more challenging case
of a spin-1/2 hadron. Related work on the (simpler) unintegrated diagonal quark-quark
correlator for a spin-1/2 hadron can be found in refs. [2-4].

GPCFs are of particular interest because of their connection to the generalized parton
distributions (GPDs) [5-11] and the transverse momentum dependent parton distributions
(TMDs) [12-15]. Both GPDs and TMDs have been intensely studied during the last 15
years. While GPDs appear in the QCD-description of hard exclusive reactions such as deep
virtual Compton scattering or hard exclusive meson production, TMDs can be measured in
certain semi-inclusive reactions like semi-inclusive deep inelastic scattering (SIDIS) or the
Drell-Yan (DY) process. These two types of parton distributions provide a 3-dimensional
picture of the nucleon — either in a mixed position-momentum representation or in pure
momentum space. Moreover, they contain important information on the orbital motion of
partons inside the nucleon. The important point is that both the GPDs and the TMDs
appear as two different limiting cases of the GPCFs. Therefore, the GPCFs can be consid-
ered as mother distributions of GPDs and TMDs [10, 16, 17]. Note that the GPCFs also
have a direct connection to the so-called Wigner distributions — the quantum mechanical
analogues of classical phase space distributions — of the hadron-parton system [10, 16, 17].

In the present paper, as the major application of the classification of the GPCFs, we
obtain new, model-independent information on the nontrivial relations between GPDs and
TMDs which have been suggested in the literature [18-25]. In order to study this point
we exploit the connection between the GPCFs on the one hand as well as the GPDs and
TMDs on the other, and explore, in particular, which GPDs and TMDs have the same
mother distributions. The nontrivial relations between GPDs and TMDs attracted a lot of
attention during the last years. The most prominent case, first proposed in ref. [18], is the
relation between the so-called Sivers TMD [26, 27] and the GPD E. This connection pro-
vides a rather intuitive understanding of the Sivers single spin asymmetry in SIDIS which
has been explored by the HERMES and the COMPASS experiments [28-31]. Although in
the meantime various nontrivial relations between GPDs and TMDs were established in
simple models (see [24] for an overview and [25]), no model-independent relations have been
obtained so far. In fact, our previous work on GPCFs showed that for spin-0 hadrons no
model-independent relations between GPDs and TMDs can be established. In the present
work we arrive at the same conclusion for spin-1/2 hadrons. A first account on the spin-1/2
case can be found in the conference contribution [32].

If the GPCF's are integrated upon one light-cone component of the quark momentum
one arrives at the so-called generalized transverse momentum dependent parton distribu-
tions (GTMDs) which can show up in the description of hard exclusive reactions. While
quark GTMDs typically appear at subleading twist — and in cases where the standard
collinear factorization cannot be applied — (see, e.g., refs. [33-35]), gluon GTMDs have
been extensively used to describe processes at high energies (low z) like, for instance,
diffractive vector meson [36] and Higgs production at the Tevatron and the LHC [37-39] in
the framework of the so-called k7 factorization. Also an approximate method for (theoret-
ically) constraining the unpolarized gluon GTMD has been proposed [40]. In the present
work we will not further elaborate on the phenomenology of GTMDs, although it is an



important topic (for related work see also refs. [3, 4]).

The plan of the manuscript is as follows. In the next section the parameterization of the
generalized quark-quark correlator for a spin-1/2 hadron in terms of GPCFs is presented.
This parameterization forms the basis for the rest of the paper. In section 3 we consider
the GTMDs. The results in that section follow in a straightforward way from those in
section 2. The TMD-limit and the GPD-limit for the GTMDs are investigated in section 4,
providing us with the first complete counting of GPDs beyond leading twist. In particular,
we also explore which GPDs and TMDs have the same mother distributions. The outcome
of this analysis allows us to investigate the model-independent status of possible nontrivial
relations between GPDs and TMDs. Section 5 contains the conclusions. Details of the
(technically demanding) derivation of the classification for the GPCFs can be found in
appendix A. The exact relations between the GPCFs and the GTMDs defined in the
manuscript are given in appendix B, while in appendix C our model-independent study is
supplemented by the calculation of the leading twist GTMDs in a simple diquark spectator
model for the nucleon.

2 Generalized parton correlation functions

2.1 Definition

In this section we derive the structure of the generalized, fully-unintegrated quark-quark
correlator for a spin-1/2 hadron which is defined as

1 d*z . — 1 1 L
WA[I;]/(P,k:,A,N;n)=§/W€Zk <P/,>\I|7/)<—§Z>FW<_§Z’§Z n>w<§z> P A0

The correlator W depends on the helicities A and X', the average momentum P = (p+p’)/2
of the initial and final hadron, the momentum transfer A = p’ — p to the hadron, and the
average quark momentum k. (For the kinematics we also refer to figure 1.) The object T
is an element of the complete basis {1, 5, v*, v*~5, ic*' } with o# = i[y*,~"]/2. The Wil-
son line W ensures the color gauge invariance of the correlator in eq. (2.1) and is running

along the path!
1 1 1 1

—§z—>—§z—|—oo-n—>§z+oo-n—>§z, (2.2)
with all four points connected by straight lines. It is now important to realize that the
integration contour of the Wilson line not only depends on the coordinates of the initial
and final points but also on the light-cone direction which is opposite to the direction of
P [41]. This induces a dependence on a light-cone vector n. In fact, instead of using n a
rescaled vector An with some positive parameter A could be taken in order to specify the

Wilson line. Therefore, the correlator actually only depends on the vector

_M2n
- P.n’

(2.3)

IThe path of the Wilson line is chosen such that appropriate Wilson lines are obtained when taking the
GPD-limit and the TMD-limit (see also section 2.4).



Figure 1. Kinematics for GPCFs.

which is invariant under the mentioned rescaling. For convenience in (2.3) the hadron mass
M is used such that N has the same mass dimension as an ordinary 4-momentum. The
parameter 1 in (2.1) is defined through the zeroth component of n according to

n = sign(no), (2.4)
which means that we simultaneously treat future-pointing (n = +1) and past-pointing
(n = —1) Wilson lines. Keeping this dependence is particularly convenient once we make

the projection of the correlator in (2.1) onto the correlator defining TMDs.

2.2 Parameterization

In order to obtain the parameterization of the correlator in (2.1) in terms of GPCFs it is
necessary to analyze its behavior under parity. One finds that
Wi (P, k, A, Nin)
d%m T\ ot A At s 11 cis (1 5 a
== N|PTP ~2|PTPT PTPW( — -z, =z |n|PTPy( 2| PTP[p, A
5 e W w( 2) sexzin) P12 PP )

Lfd% gy o 1L o1 LY -
=5 [ o @ (= 57 T~ g5 5710 v (52) b Ae
V[ d% 5., - 1 11 1Y\,
=5 f o @ W~ g2 T~ g g 1) v (52 A
= WPk, A N3, (25)

Ap N

where P = P, = (PY, —ﬁ) etc., while Ap and A, denote the parity-reversed helicities A
and X'. We now introduce the (dimensionless) matrix functions I's, T'p, I'{;, Ty, and T4’

through
Wil (P k, A, Nyn) = a(p, N)Ts(P,k, A, N;n)u(p, A)  (scalar), (2.6)
W)[;{\s,] (P k,A,N;n) =u(p',\)Tp(P,k, A, N;n)u(p,\) (pseudoscalar) , (2.7)
WPk, A Nsm) = a(p', N)TE(P kA, Nin)ulp, ) (vector) (2.8)
WPk, A Nsy) = a(p', N)TA (P kA, Nin)ulp, ) (axial vector),  (2.9)
W)[\Z;,# ](P k,A,N;n) =u@, )T (P k,A,N;n)u(p,\)  (tensor). (2.10)
From eq. (2.5) it follows for the scalar matrix function in eq. (2.6)

a(p', \)Ts(P,k, A, N;n) u(p, \)
=u(p', Np) Ts(P, k, A, N;n) u(p, \p)



=a(p’, )y FS(P,/;:,A,N; n) Yo u(p, ) . (2.11)

Ts(P,k,A,N;n) = (2.12)
Up(Pk, A, N;n) = 1) (2.13)
I’{L,(P k,A,N;n) = 4+ F“ P.k,A,N;n) 7o, (2.14)
D (P k, A, N;n) = 1) (2.15)

(P, i) = (2.16)

iz
FT

for their behavior under parity. It turns out that the general structure of the correlator W
can already be obtained on the basis of the parity constraints in (2.12)—(2.16). One ends
up with 64 linearly independent matrix structures multiplied by scalar functions (for the
derivation see appendix A),

I 5 Z‘O,kA 5 Z‘O,kN 5 Z'O.AN 5
:u(p,A) Al +WA2 + M2 A3 +WA4 u(p,)\), (2 17)
WPk A, Vi)
PEAN - PN : kN - AN
i€ 1 i i
= a(p, N) | AF + “Tf’ AZ 4 "Tf’ AE 4 “Tf’ Af} ulp,\),  (2.18)
WPk, A, N )
B [ pr kH AH NH iohk iot ot
= U N) |G AT g AL g A+ qp Al A+ e Av+ e AT
Prigha AF kH ighA AF NHjgha AF PrighN AF kHighN AF
M3 8 M3 9 M3 10 M3 11 M3 12
NHighN o PrigAN o AReAN L NEeAN
tp At g Aut At A ey, (219)
wisl(p kA Ny )
AN s vy 9 )
~ iequA ,L'equN ,L'euPAN ,L'euk;AN
=ap\ N) | AT g A g AT AT
iotPrys o iotkys o iotNys o kit Nyy o AFiePNAs
M A5 + M AG + M A7 M3 AS M3 Ag
N PNy AC kH io™N g AC AP PN g AC NH jgkN ~g AC
PHigAN ~g AP AN~ NHigAN s



wle NPk, A, N;p)
PPk? . PPA® . PPN o kPAT

= (6505 — 5555)?1(19/7)\,) e Ay WAQ + e A e Ay

kPNC APN? , Prigok NP gk

+ M2 Agl‘i‘ M2 Aé;I—FZO'pO-Ar?H‘FWAg‘FWAg
Prig®® . NPigo® AT Pp ioc’N o kPioN AH AP igoN A
2 o 7M 7M2 12+ a2 1 + a2
NrigoN . PPkZiock®  ,  PPN%igRA o kPN igtA
g Al T o TR e M

N PPEo ighN Al PPN jgkN Al 4 kPN ighN A PPA% jgAN A

M4 19 M4 MA 21 7M4 22

PPN AN APNC AN
Tw Al Tw AR u(p, \), (2.21)

where we used g2bcd

= e"P%a,b,c,d, and ot = o a,b, to shorten the notation. Our
treatment leading to (2.17)—(2.21) is analogous to what has already been done for a spin-0
hadron [1]. The functions A”, AF A% and A¥ are independent and represent the GPCFs.
They depend on all possible scalar products of the momenta P, k, A, and N as well as the
parameter 7. The various factors of M are introduced in order to assign the same mass
dimension to all GPCFs. Note that the parameterizations (2.17)—(2.21) are ambiguous in
the sense that one can always rewrite them into other forms by means of the Gordon iden-
tities (A.6)—(A.9). However, the amount of structures as presented in egs. (2.17)—(2.21) is

minimized. For further details we refer to appendix A.

2.3 Properties

By applying hermiticity and time reversal to the correlator in (2.1) it is possible to derive
some basic properties of the GPCFs. From hermiticity it follows that

WPk AN
:%/(i”; e~ (yf X|w<—3z>rw< ;z %zlnﬂ(%z) P, A)*
- %/%e—i’” (p,)\\z/z<—z> VoFT'yoW<§z,—§z\n>¢<—lZ> b’ X)
3 g o) (o

=Wt (P —A Ny (2.22)

For the matrix functions in egs. (2.6)—(2.10) this leads to

.I.

[Ds(P.k, & Nim)| ' = 490 Ts(Pyk, —A, Nim) 0, (2.23)
T

Te(Pk, A Nim)| = =30 Te(P.k, =, Nin) 3o, (2:24)
.I.

[T4(P R, A N3m)| = 490 TPk, A, Ny o, (2:25)



.I.
[FQ(P,k,A,N;n)] = 0 TE (P k,—A Nim) Y0 (2.26)
v T v
[DE (P, A N3 | = =20 TR (P, =, Nin) 5o (2.27)

Applying the hermiticity constraints (2.23)—(2.27) to the decomposition in (2.17)—(2.21)
one finds

X*(Pk,A,N;n) = X (P, k,—A,N;7), (2.28)

where the plus sign holds for X = AP AP AP AE AL AL AR AE AL AL AL AL
A{%? A?7 Af?’ Af’ A?’ A(?’ A7G7 A?’ A?O? A?l? A%? A%? A£{7 Af? Aé{7 A7H7 A§17 A517 A{{Q7
AL AL AL AL AL ALL AR and the minus sign for all the other GPCFs.

In addition, time reversal leads to

[WA[FA], (P,k,A, N: n)] '

e (L) ()

B UL (AT AT S\ o VY (S I LT Y R L T
e B Y LR D IR R
1
>

L[ d ., (1, . . R AW
= 5/ 2n)d e~ R (5 Ny | ) 52)(—2’)/50)11 (—1v5C) W<§Z’_§Z’ —n 1/1(— z||p, A\r)
1V [d% 5., o 1 , . 11 AR
—5/(%)4 e (P T|7/)<— §Z>(—W5C)F (=i75C) W<— 5% 571 —n>¢<§z>|pa A1)
=Wl P R AN ). (229)

where C is the charge conjugation matrix, while Ay and X}, denote the time-reversed helici-
ties A and \. Analogous to eq. (2.11) one finds for the matrix functions in egs. (2.6)—(2.10)

[Ts(P kA Nim)|” = (—insC) Ts(P,E, A, N; =) (—iC), (2:30)
[PP(R /%A,N;n):* = (=i75C0) Tp(P, k, A, N; —1) (—iv5C) (2.31)
[T4(Pk AN )| = (—i95C) TGP, B, A, N3 =) (~in5C), (2.32)
[FX(P, kA N;p)| = (minsC) Th (PR, A, N —n) (—i5C). (2.33)
[T (Pk, A N3)| = (=950 T (P, K, A, N3 1) (—i950). (2.34)
The time-reversal constraints (2.30)—(2.34) provide
X*(P,k,A,N;n) = X(P,k,A,N;—n) (2.35)

for all GPCFs, relating those defined with future-pointing Wilson lines to those defined
with past-pointing lines.

From these considerations it follows that in general GPCF's, unlike GPDs or TMDs,
are complex-valued functions. Keeping now in mind that n € {—1,1} and using eq. (2.35)



one finds immediately that only the imaginary part of the GPCFs depends on 7. This
allows one to write

X(P,k,A,N;n) = X(P,k,A,N)+iX°(P,k,A,N;n), (2.36)

with
XO(PakaAaN;Tl) - _XO(P7]€7A7N; _77)7 (237)
where we call X¢ the T-even and X the T-odd part of the generic GPCF X. The sign

reversal of X in eq. (2.37) when going from future-pointing to past-pointing Wilson lines
corresponds to the sign reversal discussed in ref. [42] for T-odd TMDs.

2.4 Limits

Now we would like to give a first account on the relation between GPCFs on the one
hand and GPDs as well as TMDs on the other. To this end we consider the quark-quark
correlator F' defining GPDs for a spin-1/2 target, which can be obtained from the correlator
W in eq. (2.1) by means of the projection

FRR 8N = [0 PR WP g, No)

R | 11 1
_ = Yo ikz T T 2 -

In this formula we use light-cone components that are specified through a® = (a" +a%)/v/2

and dr = (a',a?) for a generic 4-vector a = (a°, a',a?, a?), where, in particular, we choose

(2.38)

2+ =2p=0

k* = xPT. Note that after integrating upon £~ and kr the dependence on the parameter
n drops out. It is well-known that in this case we are dealing with a light-cone correla-
tor and the two quark fields are just connected by a straight line. This means that the
choice of the contour in (2.2) leads, after projection, to the appropriate Wilson line for the
GPD-correlator.

The correlator ® defining TMDs can be extracted from W by putting A = 0 and inte-
grating out one light-cone component of the quark momentum (which we choose to be k™),

o (P, Non) = [ ak= WP 0.N)

_ oo

_ %/% ¢tz (P, \| w( - %z) rw< - %z, %z | n) w(%) PN (@)
Note that for A = 0 one has p = p’ = P. We point out that the path specified in (2.2) also
leads to a proper Wilson line after taking the TMD-limit [42-50]. Since ® in eq. (2.39) is
not a light-cone correlator the dependence on the parameter n remains. The case n = +1
is appropriate for defining TMDs in processes with final state interactions of the struck
quark like SIDIS, while n = —1 can be used for TMDs in DY [42]. It has been emphasized
in refs. [43, 51-53] that, in general, light-like Wilson lines as used in the unintegrated cor-
relators in (2.1) and (2.39) lead to divergences. Such divergences can be avoided, however,
by adopting a near light-cone direction. For the purpose of the present work it is sufficient



to note that our general reasoning remains valid once a near light-cone direction is used
instead of n.

It is evident that not only the correlators F' and ® appear as projections of the most
general two-parton correlator W as outlined above, but also the GPDs and the TMDs are
projections of certain GPCFs. Therefore, GPCF's can be considered as mother distributions,
which actually contain the maximum amount of information on the two-parton structure of
hadrons [10, 16, 17]. Despite this fact a classification of the GPCF's as given in (2.17)—(2.21)
has never been worked out.

3 Generalized transverse momentum dependent parton distributions

3.1 Definition

The projections in (2.38) and (2.39) contain the integration upon the minus-component of
the quark momentum. Therefore, it is useful to consider in more detail the correlator

Wi (P, ki, A, Nin) :/dk_ Win (k. A, i)

U fde=d*Zr 4, , - 1 11 1
_ 2 ) TW( =22, = - . (3.1
2/ TR <p,A\w< 2z> W( 22,2z!n)w<2z>!m>\z+o (3.1)

Below the parameterization of this object is given in terms of what we call generalized
transverse momentum dependent parton distributions (GTMDs). Of course, this result
can now be obtained in a straightforward manner on the basis of the decomposition in
egs. (2.17)—(2.21). On the basis of the above discussion it is obvious that also the GTMDs,
like the GPCFs, can be considered as mother distributions of GPDs and TMDs. It is the
correlator in (3.1) which for instance can enter the description of hard exclusive meson
production [35], while the corresponding correlator for gluons appears when considering
diffractive processes in lepton-hadron as well as hadron-hadron collisions [36-39]. The
question whether or not it appears with a Wilson line as defined in (2.2) to our knowledge
has never been addressed in the literature and requires further investigation that goes
beyond the scope of the present work.

For our analysis we choose an infinite momentum frame such that P has a large plus-
momentum and no transverse momentum. The plus-component of A is expressed through
the commonly used variable . To be now precise the 4-momenta in (2.17)-(2.21) are

specified according to

pP=|pPt

A 2 2
| ‘gﬁTj;)Ag ’ GT] | o
k= -a:P”L, ko, ET} , (3.3)
A = -—25P+,5&2T+—45MZ, *T], (3.4)
I 41— &)pt
n = -0,11,64. (3.5)



The vector n in eq. (3.5) is of course not the most general light-cone vector. In particular, it
has no transverse component and points opposite to the direction of P as already mentioned
earlier. However, if one wants to arrive at an appropriate definition of TMDs for SIDIS
and DY, there is no freedom left for this vector because it is fixed by the external momenta
of the respective processes.

3.2 Parameterization

Now we have all the ingredients which are needed for writing down the final result for the
generalized kp-dependent correlator (3.1) in terms of GTMDs. We start with the twist-2
case for which one gets

+ 1 o'k} o' T A
W)[z\,] = o a(p’, \') |:F1,1 + TT Fip+—707 L Fi3
oK AL
T F1,4} U(pa )\) > (3-6)
+ 1 ied ki A it ys ki it T ys Al
W = g o ) | - FEERE G T G+ TR G
+io s G1,4} u(p, \), (3.7)
[ic7 T 5] Loy igézké“ igéZA% M io?* s
Wiy = mu(p,)\) Y Hyp — i H1,2+TH173
kgp ik Ty ek, A% ik Ty k. A?f okt ys AL I
Mp+r M M P+ b M P+ b
kgp iotT s A iot s
- b L : :
i LTt = 18| u(p;A) (3.8)

0123 — 1 and aiTj = ¢ %9 are used. The 16 complex-valued twist-2

Here the definitions ¢
GTMDs F1;, G4, and Hy; are given by k™ -integrals of certain linear combinations of the
GPCFs in (2.19)—-(2.21), where the explicit relations are listed in appendix B. To shorten
the notation the arguments on both sides of the eqs. (3.6)—(3.8) are omitted. All GTMDs
depend on the set of variables (z, &, E%, kr - Ar, &%, 7).

In the twist-3 case, characterized through a suppression by one power in P+, we find

W)[\u' = 2}% u(p', \') [E2,1 + w;% Es» W;;Nr Ey3
MUAZ%AQ‘F E2,4] u(p, N, (3.9)
W)EY\SI] = 2}.% u(p', \') [ - 7Z€¥A]{;TQA2‘F Ey5 + ;UZ;T]C%F Es6 + ;JijiAiT Esqz
+iot s E2,8:| u(p, A), (3.10)

,10,



. J J ; i+
C R TR Ar M io
W)\)\’ —2P+u(p7)‘)|:MF2,1+MF2,2+ P+ F2,3
k. iokt ke, N A igh Tk, N Aokt AL n
Mp+ TP T MpE P Mp+ 0
itk igA]
F LR A 3.11
i 2,7 + i 2,8} u(p,\), ( )
sl L, 1€ ki iep Al M igI s
W)\)\/ — Zpﬁ u(p 7)‘ ) |: - M GQ,l - M G2,2 P+ G2,3
k7. iak+’y5/<:§“¥ Gt JACA iak+’y5k§ Gor A, iak+'y5A§ G
Mp+r M P+ 2 M P+ 20
k%« ia+7’y5 A%« Z'O'Jrf’ykrr,
- _— 12
% Ga7 + 7 Gag| u(p, ), (3.12)
i ied iohtkk iokT Ak
W)[\Z)\U/ = _QPIJ:’_ U(P,7 )\/) |:H2,1 + P L 2.2+ i A Hs 3
klLk Al
10" kR A
# H2,4] u(p, A, (3.13)
0J1d AT it 1 ;i i
iot—ys] 1 _ 4, iepkip A 10" Ty kY 10" Ty AL
Wiy = F”(Pa)‘) [_TH275+T 2,6 THZ?
+iocT s H278:| u(p, \) . (3.14)
The twist-4 result, which is basically a copy of the twist-2 case, reads
) Mo it Tk iot AL
i kLA
# F374] u(p, A), (3.15)
A1 AJ C it T ;i i
s . M iep ki A 10" T ys ki 10Ty AL
W)\N 5] 2(P+)2 u(p/7)\/) |:_ T G371 + T G , + ? G373
+iot G3,4} u(p, \), (3.16)
o i 1.0 i A it
ioi=ys) _ M| zeTk:TH B zeTATH Mol ™5 I
Wiy = 2(P+)2 a(p’, \') [ M 3,1 Vi 3,2 D 3,3
kJTiak+75k:]}H Al i0k+75k:§iH n A]Ti0k+75A£}H
MPp+ P MPp+ P M P+ 50
kL iot 5 A oty
+TT Hs 7+ TT Hjs| u(p,A). (3.17)

The twist-4 case is of course at most of academic interest but is included for completeness.
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3.3 Properties

Like in the case of the GPCFs we also consider the implications of hermiticity and time
reversal on the GTMDs. Hermiticity leads to

X*(x>£a E%, ET : &Ta &%a 77) = ZEX(CC, _57 E%, _ET : &Ta &2%77) ) (318)

with a phlS sign for X = E271, E2,3, E274, E277, Fl,la F173, F1,4, Fg,l, F275, Fg,g, F3,1,
F33, F34, G11, G12, G14, Ga2, Ga3, Gaa, Gog, Ga7, G311, G2, G34, H12, H13, H1 4,
H1,6, H177, H2,2, H275, H276, Hg,g, H372, H373, H3,4, H376, H3,7 and a minus sign fOF all the
other GTMDs. These results are a direct consequence of (2.28) and the relations between
GTMDs and GPCFs (see appendix B for the explicit formulas for twist-2). On the basis
of (2.35) one obtains from time reversal

X*(2,&, k3, kr - Ap, ki) = X (a,&, K, kr - Ap, A} —n) (3.19)

for all GTMDs X. This means, in particular, that we can carry over egs. (2.36) and (2.37)
to the GTMD case and write

X(.%'7§7 ];;%7 ];;T'&Ta &%a 77) = Xe(x7§7 ];;%7 ];;T'&Ta E%)—FZ XO($,§, E’%U ];;T'&Ty &%777) ) (320)

with the real valued functions X¢ and X° respectively representing the real and imaginary
part of the GTMD X. Only the T-odd part X° depends on the sign of 1 according to

Xo(x7§7 ];;%7 ET . &T7 &’%a 77) = —Xo(l',f, E’%a ET ) AT7 &’%7 _77) ’ (321)

i.e., the imaginary parts of GTMDs defined with future-pointing and past-pointing Wilson
lines have a reversed sign.

In order to give an estimate we have calculated the leading twist GTMDs in the scalar
diquark model of the nucleon. The results are presented in appendix C. Our treatment
is restricted to lowest order in perturbation theory. To this order all T-odd parts of the
GTMDs vanish — a feature which is also well-known from spectator model calculations
of T-odd TMDs. All the results listed in egs. (C.8)—(C.23) are in accordance with the
hermiticity constraint (3.18).

4 Projection of GTMDs onto TMDs and GPDs

In this section we consider the generalized kp-dependent correlator in eq. (3.1) for the
specific TMD-kinematics and the GPD-kinematics. This procedure provides the relations
between the mother distributions (GTMDs) on the one hand and the TMDs as well as
the GPDs on the other. On the basis of these results one can check whether there exists
model-independent support for possible nontrivial relations between GPDs and TMDs.

4.1 TMD-limit

We start with the TMD-limit corresponding to a vanishing momentum transfer A = 0. In
this limit exactly half of the real-valued distributions vanish because they are odd as func-
tion of A due to the hermiticity constraint (3.18): ES,, ES,, ES s, ES,, ES5, ESg, ES 7,
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B g FUvs iy Py 00 B30 159, Figy Fo gy By Fog, Fiq, Fog, I3y 5o, Iy, F3 4,
G(lj,lﬁ G(1),2’ Gi3’ ?,4’ S,la 8,2’ Gg,3’ Gg,zl’ GS,EJ’ Gg,6’ Gg,?ﬁ GS,S’ Gg,l’ Gg,Q’ 573’ Gg,4’
Hi s Hi gy Hig, HY gy Hi 5 Hi gy Hi 7, Hig, H3 1, H3 o, Hy g, Hy gy Hys, Hy 6 Hy 7, His,
HS,, HS, HS 5, HS 4, HS 5, HS g, HS 7, HS 5. In addition, the distributions Ef 5, ES 4, ES 5,
ES,?? F16,37 Fle,47 F20,27 F2€,57 F20,67 F2€,87 F36,37 F36,47 Gilv ?,37 GS,Z? 5,57 5,67 G%,S? G%,l? Gg,?n
Hi,, H{j, Hig, Hig, HS3, HS,, HS5, HS 7, HSo, HS 5, HSg, HSg do not appear in the
correlator any more, because they are multiplied by a coefficient which is linear in A. There-
fore, in the TMD-limit only the following 32 (20 T-even and 12 T-odd) distributions survive:
Eg,la E§,2’ ES,G’ E§,8’ Fle,l’ F10,2’ F2e,1’ F2O,3’ F2O,4’ F2O,7’ F3e,1’ F??,Q’ i2’ Gi4, g,l’ GS,?;’ GS,4’
Gy G320, Gi gy HY 1y Hig, Hiys Hig, H3 oo Hy o, Hy g, Hys, Hy s Hi g, Hyy, H 7.

The complete list of TMDs for a spin-1/2 hadron has been given in ref. [2] (see also
the review article [14]). Here the spin vector

Pt M

S: )\ﬁ, )\ PJF’ST (41)

of the nucleon was introduced leading to the linear combination [24]

®I(P,z, kr, N; Sin) = ﬂqﬂﬂpﬁﬂ fr Ni) + =

St 482
i T2 T

(I)[—F}—(P’xa ETa Na 77)

- Sp+iS7
oL (P ko, Nom)+ 25Tl (P o, Vo). (42)
Now using the conventions of [14] for the TMDs one finds the following explicit relations

between the TMDs and the GTMDs:

filw, k7) = Ff(x,0,k7,0,0), (4.3)
fir(@, k7in) = —F (2,0, k3,0,0:m) , (4.4)
gi(x, k) = Gf 4(2,0,k%,0,0), (4.5)
gir(z,k7) = G (2,0, k7,0,0), (4.6)
hi(x,k7:n) = —HY,(2,0,k7,0,0;7), (4.7)
hip(z,k3) = Hf +(2,0,k%,0,0), (4.8)
hir(,k2) = H5(x,0,k%,0,0), (4.9)
hip(z,k3) = Hf 4(2,0,k%,0,0), (4.10)
e(z, k%) = ES (2,0,k%,0,0) (4.11)
er(z, kfin) = —Egg(x,0,k%,0,0;m) (4.12)
eT(x,E%; n) = —E3 G(x 0 kT,O 0;7), (4.13)
6:%(33%%77) = —E2 2(7,0, k’TaO 0;7) (4.14)
[, k3) = F5(2,0,k%,0,0), (4.15)
fi(a kim) = Fgo(2,0,k%,0,0;m) (4.16)
Fr(x, kin) = F§s(2,0,k3,0,0;:n), (4.17)
(@, ksm) = Ff4(x,0,k%,0,05m), (4.18)
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g (e, kFin) = —G31(,0,k%,0,0;),
gt (¢, k7) = G5 7(2,0,%7,0,0),
QIT(%ECQF) vag(m 0, kT7O 0),
g7 (z. k3) = G$ 4(x,0,k7,0,0),
h(z, kfin) = —HS, (2,0,k%,0,0:m),
hi(z,k3) = HSg(x,0,k%,0,0),
hr(x, k%) = HS 4(2,0,k%,0,0),

I (2, k3) = Ho(x,0,k7,0,0),
f3(w,k}) = F5y(2,0,k7,0,0),
far(z Ksm) = —F54y(2,0,kF,0,05m),
g3 (x, k%) = G5 4(2,0,%%,0,0),
g37(2, k%) = G5 4(x,0,k%,0,0),

h3L(33>E%§ n) = —Hs 1(z,0, k’TaO 0;m),
hip(z,k3) = HS 7 (2,0,k%,0,0),
hgT(x,kT) H33(x 0, k:T,O 0),
héT(makT) H34(95 0, kT7O 0).

These results are obtained by means of eqs. (2.39) and (3.6)—(3.17). The 12 TMDs fi5., hi
er, er, e%, fLL, fr, 7%, g, h, f3T, h?f are T-odd and are related to T-odd parts of GTMDS.

4.2 GPD-limit

In a second step we focus on the GPD-limit which appears when integrating upon the

transverse parton momentum kp. As already discussed after eq. (2.38) the dependence

on 7 drops out in this case which implies, in particular, that all effects of T-odd parts of
GTMDs disappear. In the literature only the twist-2 and the chiral-even twist-3 GPDs
have been introduced [54, 55]. Therefore, we give here for the first time a complete list of
GPDs for all twists. The GPDs parameterize the correlator in (2.38). One finds 8 GPDs

for twist-2, 16 GPDs for twist-3, and 8 GPDs for twist-4.
To be explicit the GPDs can be defined according to

F)[\‘)f\,] — 2P%Jru(p ) [ry* H(z, & t) + '2; E(x,f,t)] u(p, \),
F, ) = 2l%a(p ) [7 s H(w,6,t) + A2 2 B(x.¢, t)] u(p, \)
plignl _ —;;Ti ap', V) [m“ Hr(z,6,t) + WA%“QJQ il Er(z,&,1)
+P+A2M2A+PF‘ZFHT(:U & t)+ WETWIJ)} u(p, A),
Rl = g 1) [+ Hali .0+ 2 B uip ),
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M

Pt

Fosl = —z}gﬁglﬂpﬁA”[V+75ﬁbﬂﬁfaﬂ'+ Eb«us,w]zwp,A>, (4.39)
¥ _ M- 4 7+A%’ — ATy
F)\)\’ 2(P+)2 U(p 7)‘ ) |:ZU HZT(x7§7t) + IM EQT(x,f,t)
P+AJ A+ PJ +pj_p+j -
+ M2 T HZT(w 5 t) TTV EQT(wa 57 t):| U(p, )‘) 9 (440)
. ; 4j + Al + A0
s deg M i VAL — Aty
F)\Z\/'ﬁ - _m u(p/, )‘/) |:ZO-+ HéT(mafat) + T Eéfr(l’,f,t)
PJFAZ At P ’)ﬂLPZ PJr
+ M2 L HQT( 7§7t) + M E2T(x 5 t):| ( 7)‘) ) (441)
i ZJM - +A
F[wl]%] . i€ . + g E! 4.42
AN 2(P+) (p )‘) Y 2(x7§7t)+ M 2($7§7t) U(p7)\), ( )
oty _ M Pt
F)\)\’ - 2(P+)2 u(p 7)‘) Y5 H2(x7§7t) M E2(1' 5 t):| ( )‘)7 (443)
2 — A
o ME
F)\)\’ - 2(P+)3 ( 7)‘ ) _’Y Hg(l’,f,t) + M E3(x7§7t):| U(p7 )‘) ) (444)
2 try
sl M (e
I WU(P,)\) K 75 Ha(z,6,8) + —7 B By(a,€, )} u(p, A) (4.45)
: 0 a2 + At + A0
ol _ _SrM o A
F)\)\’ - (P+) (p >‘ ) o H3T($a£’t) + M E3T(CC,£,75)
PtAL — ATP: YT PL — Pyt
TS i, 6,6) 4 T B, 1) ), (1.40)

where t = A2. The structure of the traces in (4.35)—(4.46) follows readily from egs. (3.6)-
(3.17) if one keeps in mind that after integrating upon ET the only transverse vector left

is AT.

Altogether there exist 32 GPDs corresponding to the number of TMDs.

The 16

GPDs H, E, H, E, Hor, Eyr, Hor, Eop, Hypy By, Hyp, Eyr, Hz, Es, Hs, E3 are chiral-
even, while the remaining ones are chiral-odd. The definition of the twist-2 GPDs follows

the common definition [54].

The chiral-even twist-3 GPDs Hop, Eop, ﬁ2T7 EQT, HéT’

By, Hbp, Eb. are related to the functions Gy, G, Gs, Ga, G1, G2, G3, G4 that were

introduced in ref. [55].

It is now straightforward to write down the following expressions for the GPDs in

terms of kp-integrals of GTMDs:

ST kr- A
H(z,&,t) = /koT Ff,1+2§2< T TF12+F13>} (4.47)
L T
27 [ e 2 k’T AT
- T
kr - A
mst:/fT%<T’rm+ﬁQ+ﬁ4, (4.49)
T
2(1—52)<kT Ar ) ]
t) &k S +GS5) -GS, 4.50
Bz, €. / fr |2 e ¢ (4.50)
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Hrp(z,§,t) = /dQET [Hfii + M22 <( ?AQT&)Z)Z 14Tt b T&T His+ HY 6)
LG ) TAT i+ 1) . (451
Er(z,&,t) = /drT [4<2(ET : A;E)g )2_ A7 14 ETT Hy 5+ H16,6>} (4.52)
T
(2,6,t) = /dQﬁT [(kT~2AT HY, + Hj 2>
T
—2(1-¢&%) <2(ﬁT A;E);)Q KA Hi 4 br A Hy s+ Hy 6>
T T
+5<ET;§T i+ 11 ). (453)
T
@t = [P [45(2% ' fgf); FEAT g+ B0 e 5
T 7
+2<ETA;7§T HE, + Higﬂ , (4.54)
T
Hy(z,&,t) = /dTT ES, + 2§2<kT Ar ES,+ ES 3” (4.55)
7
Ey(z,&,t) = /drT [ E5 +2(1- 52)<kT A7 Ejo+ Ej 3>] (4.56)
L 7
Hy(z,&,t) = /drT 25<kTAAT Eje+ E5 7) + Eg,s] ) (4.57)
T
Ey(z,&,t) = /drT 2(1 52)<kTAﬁ B¢+ E5 7> +5E5,8] ; (4.58)
T
Hi(x,€,t) = / d*kr -H§,1 +2¢2 (ETﬂ L Hg o+ H23>} , (4.59)
L T
Bn&t) = [ @y |~ Hs, +20 - ¢ )(’” BT et 5)] (4.60)
L 7
Hy(z,&,t) = /dQ_)T 25<kTAAT Hj ¢ + Hj 7) + His} ) (4.61)
T
EY(x,&,t) = / Pk | —2(1 - &%) <ETA;§T HS g+ H§77> + §H§78} , (4.62)
T
Hyp(..1) — /drT et (r - %\22&_2 k2 A2, ‘,
R (o S

T
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4 Fs L pe_ 4 FS )] 4.64
[ < (A2)2 2.4 2 2,5 2,6 (4.64)
ER
(Mgt )
T
2(kp - A k2 A2, kr- A
- 1 MAT gy b T Fio+ o)
(AT)? 7
kr-Ap .
—§< T~2 R 27+F2,8>:| ; (4.65)
T
Q(ET &T)Q —k‘2 &2 e ET' T e e
=5 L TF2,4 =3 Fys+ Fyg
(A7)? T
kr- A
_2< L+ F28>] : (4.66)
T
O .
T ( T AT) e kr - Ar e e >
= 2,4 = 2,5 + G2,6
M2< (AF)? 7
(AR +aM?) (E -Ap >]
— G5, +G (4.67)
_ 2 2 2.7 2.8 )
21 -&)M 2
2k - Ap)? — k2A2 kr- A
[4< (hr - Ar)* — Kj A% ¢, + T 5+G§6>}, (4.68)
(A%)2 ’ A7 ’
];;T i &T e e
[( =5 2,1+G2,2>
T
2kr - Ar)2 —K2AZ . kp-A .
—2<1—52>( W 0] FH8T gy 4 M2 +G2,6)
(AT)? T
kr-Ap .
+5< T~2 8 Gy + Gy 8>:| ) (4.69)
T
(ij : &T)2 E%&%« /{?T . &T )
— Ge - (5 + Ge
(A2)2 2.4 ) 2,5 2,6
kr-Ar . .
+2< ) G2,7+G2,8>] ) (4.70)
T
kr - A
P v 2 (P s, 1 g ) (71)
T
kr - A
- P20 - (T sy g ) (172
T
A (&
25( G5 9+ G5 3> + G3,4} ; (4.73)
AT
(1_52) kT AT e
¢ GSo+Gs3 | — G54, (4.74)
7
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Figure 2. Lowest nontrivial order diagram for T-odd TMDs in the scalar diquark spectator model.
The Hermitian conjugate diagram (h.c.) is not shown. The eikonal propagator arising from the
Wilson line in the operator definition of TMDs is indicated by a double line.

AQ ( T &T)Q e kT'&T e e
Hr(z,&t) = /koT [H33+M2< (32)2 Hy g+ ——; H3,5+H36>
T T
LA 4 AM?) (kr-Ap .
- 2(kr - Ar)? — k2A2 kr- A
EgT(:c,g,t):/dZ T[4< Uy - Br)” = by T S, + TH§5+H§6>}, (4.76)
&y g |
- [(kr-A
H3T(x7§7t) - /d2 T |:< T“‘Q TH§,1+H§,2>
AT
2_)T ETz—]{?2A2 e kT‘&T e
—2(1—52)< ( ~)2 =L HS g+~ HS5 + HSg
(A7)? T
ET'&T e e
+5< ~2 37+H3,8>:|a (4.77)
T
- = 2(kp - Ap)? — K2A2 kp - A
Ear(x,,t) :/koT [4§< (br - Ar)” — by TH§4+¥H§5+H§6>
(A%)? S AR T ’
kr- A
+2<¥ H§7+H§8>] . (4.78)
R w1

The hermiticity constraint (3.18) for the GTMDs, in combination with the relations (4.47)—
(4.78), determines the symmetry behavior of the GPDs under the transformation £ — —¢.
One finds that the 10 GPDs Ep, Ho, H), Ei, Eé, Hyr, Eop, Hor, EQT, Esp are odd
functions in &, while all the other GPDs are even in £. This implies that the limit & — 0
can be performed in egs. (4.50) and (4.74) without encountering a singularity as the GPDs
E and FEj are even functions in ¢. In addition, note that there appears no problem when
performing the limit A — 0 in eqs. (4.47)—(4.78) because of

/ PR ke X (0, €, K2, Fp - A, A2 1) o Ay, (4.79)
/ Ak (2hipkd, — STR2) X (2, €, K3, Fr - Ap, A3 n) o (200A7, — §9A2),  (4.80)

which holds for any GTMD X.
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4.3 Relations between GPDs and TMDs

Having established the precise connection of the GPDs and TMDs with their respective
mother distributions we are now in a position to search for possible model-independent
relations between GPDs and TMDs. From (4.3) and (4.47) it is obvious that the GPD H
and the TMD f; can be related since both functions are projections of the GTMD FY ;.
With an analogous reasoning two additional relations can be obtained for twist-2, three for
twist-3, and three for twist-4 leading altogether to

H(z,0,0) = /dQIZT Ffy(2,0,k%,0,0) = /dQI%'T filz, k), (4.81)
H(z,0,0) = / d*kr G5 4(2,0,k%,0,0) = / Pkr gip(x, k), (4.82)
27, e 7.2 IZ% e 7.2
Hr(2,0,0) = [ d*kr |Hf3(2,0,k3,0,0) + o205 HY 4(2,0,k7,0,0)
. LR
= [ @ [ ) + g3k it ) (453)
Hy(2,0,0) = /dQIZT ES(2,0,k%,0,0) = /dQIZT e(z, k%), (4.84)
Hj(2,0,0) = /dQIZT HS g(2,0,k%.,0,0) = /dQET hi(z, k%), (4.85)
. . k2 .
Hb(2,0,0) = /koT [GEB(&U,O,k%,O,O) - 2—A§2G§,4(x,0,k%,0,0)}
27, / 7.2 E% 1 7.2
= [ @ |grte )+ gy ot ) (1.56)
Hy(z,0,0) = /d% F§(2,0,k%,0,0) = /d% fa(z, k), (4.87)
Hy(z,0,0) = /dZET G5 4(2,0,k%,0,0) = /dQEngL(x,/%%), (4.88)
. . k2 .
Hsp(2,0,0) = /koT [Hgg(x,o, k2,0,0) + 2—]\;2H§74(:ﬂ,0, k%,o,o)]
_ [ 2i P2 koo
= T |hsr(, k1) + 5o har (@, k7) | - (4.89)

These formulas can be considered as trivial model-independent relations between GPDs and
TMDs (called relations of first type in ref. [24]). Of course, the twist-2 relations (4.81)—
(4.83) were already known before.

Here, we are mainly interested in nontrivial relations between GPDs and TMDs that
have been suggested in the literature [18-25]. So far explicit relations have only been es-
tablished in low-order calculations in the framework of simple spectator models [20, 22-24],
and in one case in a light-cone constituent quark model [25]. Our GTMD-analysis can now
shed light on the question if model-independent nontrivial relations exist.

A complete classification of the nontrivial relations between GPDs and TMDs in lead-
ing twist has been performed in [24], where explicit formulas have been obtained in the
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same diquark spectator model as discussed in appendix C. In that work two distinct types
of nontrivial relations between quark distributions have been considered — one connecting
certain GPDs with the T-odd? Sivers function fi; [26, 27] and the Boer-Mulders function
hi [56] (called relations of second type in ref. [24]),

BE(2,0,—A2) & —fin(z, k2:n), (4.90)

and one connecting a GPD and the T-even pretzelosity TMD hllT (called relation of third
type in ref. [24]),

~ — 1 -

As we discuss in the following our GTMD-analysis, however, does not support a model-
independent status of any such relations.

For the relations of second type in egs. (4.90) and (4.91) this is obvious because,
according to egs. (4.4), (4.7), (4.48), (4.52), and (4.53) the involved GPDs and TMDs
have different, independent mother distributions. In particular, the GPDs are connected
to T-even parts of GTMDs while the TMDs are connected to T-odd parts of GTMDs.
Unless, for some reason, the GTMDs are subject to further constraints one has to conclude
that there cannot exist a model-independent relation between the GPDs and TMDs as
given in egs. (4.90) and (4.91). This conclusion is in accordance with the observation
made in [24] that nontrivial relations of second type are likely to even break down in
spectator models once higher order contributions are taken into account. Therefore, one
has to attribute the relations to the simplicity of the used model. Nevertheless, it may well
be that numerically the model-dependent nontrivial relations work reasonably well when
comparing to experimental data. In fact such a case is already known for distributions of
the nucleon, namely the relation between the Sivers function and the GPD E [18-20, 24].

For the relation of third type in eq. (4.92) the GPD as well as the TMD are, according
to egs. (4.10) and (4.53), related to T-even parts of GTMDs. But the linear combinations
of GTMDs differ in both cases such that no model-independent nontrivial relation of the
type (4.92) can exist. In the context of the diquark spectator model the explicit relation

3 ~ - -
A =y r(@,0,0) = /dsz hip(z, k7) | (4.93)

was established [24]. One may wonder if, in general, the specific kinematical point A2, =
¢ = 0 and the kp-integration used in (4.93) might spoil the above argument about different
linear combinations of GTMDs. However, by taking all known symmetry properties of the
GTMDs into account one is still left with such different linear combinations. Even in the
simple diquark spectator model this is the case, and the relation (4.93) also just holds due
to the simplicity of the model.

2Note that in order to generate T-odd TMDs one has to take into account rescattering effects between
the active parton and the spectator system. Therefore, in the diquark spectator model the lowest order
contribution to T-odd TMDs comes from the diagram shown in figure 2.
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In order to illustrate this point we calculate the involved GPD Hp and TMD hllT in
the scalar diquark model and try to preserve their respective GTMD structure as far as
possible. By inserting the model results for the GTMDs in appendix C into eq. (4.53) one
finds for the GPD Hy in the case £ = 0

ﬁT(x7 Oa _&%)

LR 2 A2 ~
- / dQETé[FIf72(x)—2<2(kT A(E)%y AT Hf4(x)+Hf76(3c)>] (4.94)

Here we have extracted all dependence on the vectors /ZT and ﬁT from the GTMDs and
put it either into their coefficients or into the overall factor
g*(1—2x) 1

“T R 0 n & @I 0D A e

with

MQ(QU):mmg—l—(l—x)mg—x(l—x)MQ. (4.96)

Therefore, the remnants of the GTMDs

ﬁfQ(x) = (1—2x)(mg+aM)M, (4.97)
Hf y(z) = —2M?, (4.98)
H{ () = %(1 — &) (my + M)M (4.99)

only depend on the momentum fraction z. This allows one to perform the kr integration,

which yields

ﬁT(x7 Oa _&%)

LR g, 2ale) 020 0o ) AR
8(2m)%  Jo a(l —a) (1 —x)2 A2 + M2(x) ' '
In the forward limit this leads to
- 2(1— 2H¢ (z) — (1 —2)2 HE ,(z) — 4HE (z
an.0,0) = L0 0) 2@ —30 - 2R Hiyw) ~Alligw)

8(2m)? M?2(z)

On the other hand, one finds for the zeroth moment of the TMD hi; by inserting the

model results for the GTMDs in appendix C into eq. (4.10)

> (1 — =) Hi,(x)
42m)2 M2(z)

/ P kp iy (2, k2) = (4.102)

This shows explicitly that the GPD Hy and the TMD hi; are connected to different
remnants of GTMDs even in the scalar diquark model.
However, due to the simplicity of the scalar diquark model the remnants of the GTMDs

are related according to

20 y(x) — 4H ¢(z) = —2(1 — 2)°M? = (1 — 2)? H{ 4(). (4.103)
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This immediately implies the relation

\ ) P (l—a) ]:116,4(5'3)
T @00 = e Tem

= /d2/ZT him(z, k) (4.104)

which we already quoted above in (4.93). It should be stressed once again, that this relation
only holds due to the simplicity of the scalar diquark model. In general, no dependence
like eq. (4.103) will exist between the different, independent GTMDs. We note that a
relation like (4.93) was also obtained in a specific light-cone quark model [25], but in that
model a factor different from 3 on the Lh.s. of (4.93) shows up.® The fact that a formula
corresponding to (4.93) emerges in the framework of another model does not contradict
our general argument that in full QCD a relation of the type (4.92) cannot hold.

By extending our GTMD analysis we find that also for twist-3 and twist-4 no model-
independent nontrivial relations between GPDs and TMDs exist. On the other hand such
relations may well emerge in the framework of simple models.

5 Conclusions

In summary, we have derived the structure of the fully unintegrated, off-diagonal quark-
quark correlator for a spin-1/2 hadron, and thus extended our previous study of the spin-0
case [1]. This object, which contains the most general information on the two-parton
structure of a hadron, has been parameterized in terms of so-called generalized parton
correlation functions (GPCFs). The major challenge in this derivation was to eliminate
all redundant terms without missing any relevant term at the same time. Integrating the
GPCFs upon one light-cone component of the quark momentum leads to entities which
we called generalized transverse momentum dependent parton distributions (GTMDs). In
general, GTMDs can be of direct relevance for the phenomenology of various hard (diffrac-
tive) processes (see, e.g., refs. [35-38]). Our analysis shows that both the GPCFs and
the GTMDs in general are complex-valued functions. This is different from the (simpler)
forward parton distributions, GPDs, and TMDs all of which are real.

Suitable projections of GTMDs lead to GPDs on the one hand and TMDs on the other.
Therefore, GTMDs can be considered as mother distributions of GPDs and TMDs [10, 16,
17]. To study these two limiting cases of GTMDs was the main motivation of the present
work. One outcome was the first complete classification of GPDs for a spin-1/2 hadron
beyond leading twist. Most importantly, we were able to determine which of the GPDs
and TMDs have the same mother distributions allowing us to explore whether model-
independent relations between GPDs and TMDs can be established. One ends up with
nine such model-independent relations. Actually, these cases can be considered as trivial
ones because the respective GPDs and TMDs also have a relation to the same forward
parton distributions (see also ref. [24]). Our main interest was to investigate nontrivial
relations between GPDs and TMDs which have been obtained in models and extensively
been discussed in the recent literature [18-25]. We have restricted this study to leading

3 Actually, in ref. [25] the factor 3 appeared, but later on an error in the calculation was found [57].
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twist where three nontrivial relations have been found (see [24] for an overview) — two
involving the T-odd Sivers TMD flLT and the Boer-Mulders TMD hll, and one in which
the T-even pretzelosity TMD hllT shows up. It turns out that none of these relations
can be promoted to a model-independent status as the respective functions are related
to different (linear combinations of) GTMDs. For the relations containing T-odd TMDs
this finding agrees with ref. [24] where it has been argued that these nontrivial relations
between GPDs and TMDs are likely to break down even in spectator models if the parton
distributions are evaluated to higher order in perturbation theory. Moreover, our model-
independent study for the Boer-Mulders function of a spin-0 hadron came to the same
conclusion [1]. We emphasize that our finding does not tell anything about the numerical
violation of (model-dependent) nontrivial relations between GPDs and TMDs. On the
other hand, such relations have hardly any predictive power and only after all the involved
distributions have been measured one can really judge about their quality.
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A  Parameterization of Dirac bilinears

In this appendix we derive the most general parameterization of the scalar, pseudoscalar,
vector, axial vector, and tensor Dirac bilinear introduced in the egs. (2.6)—(2.10) respecting
the corresponding constraints from parity

Is(Pk,A,N;n) = +90Ts(P,k, A, N;n) o, (A.1)
Cp(P,k,A,N;n) = =0 Tp(P, kA, Nin) o, (A.2)
T4 (P k, A Nin) = +30 D5 (P kA, Nim) o, (A.3)
Th(P kA, Nyn) = =0 TR (P, k, A, N;m) 70, (A4)
TH (P k,A,N;n) = 40T (P, k, A, N;n) o (A.5)

For this purpose we generalize the method described in [54] for GPDs in an appropriate
way to the case of GPCFs. In order to eliminate independent terms in the parameterization
of the Dirac bilinears we use the Gordon identities

At N ulp, ) = a1 | Lo WAU A A6

(@, N) " u(p, A) (', \) YT (P, A) (A.6)
ioht

0= atf.X) 537 + 5| a0, (A7)
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AH ikt

0 N) 25 ) = 1, X) | S+ T ), (A8
PH igHA

0 = a(p/, \) [ M% + 202 M%] u(p, \) . (A.9)

In addition, we also use the e-identity

gaﬁ cHVPo — guﬁ gvpPo gl/ﬁ ghapo gpﬁ ghvao 4 goﬁ chvp (A.10)

as well as the o-identity

Al

1
i ys = =5 (A.11)

Parameterization of the scalar Dirac bilinear

A complete parameterization of the scalar Dirac bilinear in eq. (2.6) can be obtained by

treating all possible Dirac currents one after the other:

1.

vector current [a(p’, \")v* u(p, \)]: Using the Gordon identity in eq. (A.6) all vector
currents can be replaced by scalar and tensor currents.

azial vector current [u(p’, \) y*v5 u(p, A)]: Using the Gordon identity in eq. (A.8) all
axial vector currents can be replaced by pseudoscalar and pseudotensor currents.

pseudoscalar current [u(p’, N)vsu(p,\)]:  Contracting the Gordon identity in

eq. (A.9) with the light-cone vector N yields

10N g
2M?

a(p', N s ulp, \) = a(p’, \) u(p, A), (A.12)
so that all pseudoscalar currents can be replaced by pseudotensor currents.

pseudotensor current [u(p’', N')io* ~v5u(p, \)]: Using the o-identity in eq. (A.11) all
pseudotensor currents can be replaced by tensor currents.

tensor current [a(p’, \')ioc" u(p, \)]: All possible tensor currents are of the form
u(p', N)io™ u(p, A) (A.13)

with a and b being any of the vectors P, k, A, and N. Using the Gordon identity
in eq. (A.7) all tensor currents containing the vector P contracted with o can be
replaced by scalar currents. Therefore, one is left with three tensor currents

a(p', N)io*® u(p,\), a(p,N)io*N up, ), a@,N)ic®N u(p,\).  (A.14)

scalar current [u(p’, \') u(p, \)]: There is only one possible scalar current
a(p', N u(p, A), (A.15)

which can not be replaced.
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To summarize, the scalar Dirac bilinear in eq. (2.6) is completely parameterized by the
four currents in egs. (A.14) and (A.15), i. e.,

a(p’, N)Ts(P, k, A, N;n) u(p,\)

kA kN - AN

E 0
2A3+M2

10

M2

g

=a(p,N) [AF + AE 4+ ZM A u(p N, (A.16)

where the GPCFs AZ are scalar functions of P, k, A, N, and 7.

A.2 Parameterization of the pseudoscalar Dirac bilinear

A complete parameterization of the pseudoscalar Dirac bilinear in eq. (2.7) can be obtained
by treating all possible Dirac currents one after the other:

1. wvector current [u(p’, \')¥* u(p, A\)]: Using the Gordon identity in eq. (A.6) all vector
currents can be replaced by scalar and tensor currents.

2. azial vector current [u(p’, \') v 5 u(p, A)]: Using the Gordon identity in eq. (A.8) all
axial vector currents can be replaced by pseudoscalar and pseudotensor currents.

3. pseudoscalar current [a(p’, \')vs u(p, A)]: Using eq. (A.12) all pseudoscalar currents
can be replaced by pseudotensor currents.

4. tensor current [u(p’,N')io" u(p,\)]: Using the o-identity in eq. (A.11) all tensor
currents can be replaced by pseudotensor currents.

5. pseudotensor current [a(p’, \')ic"”~v5u(p, \)]: All possible pseudotensor currents are
of the form

ﬂ(p/, )‘,) Z'O-abryf) u(pa )‘) (A17)

with a and b being any of the vectors P, k, A, and N. Now, multiplying the Gordon
identity in eq. (A.7) with an e-tensor and using the e-identity in eq. (A.10) as well
as the o-identity in eq. (A.11) yields

Prio"Pys  PViottys  PPigtlys et
M M M 2M

0=1u(p,\) ] u(p, A) . (A.18)

Contracting this equation in turn with P,, k,, N, and P,, A,, N, and k,, A,, N,
allows to replace some pseudotensor currents by scalar and pseudotensor currents

a(p’, X)io" s u(p, \)

- TPk iUPN’YE, P2 iUkN’y5 jePEAN
a(p', N)io" 25 u(p, A)
[ P2igAN
=a(pX) | - =55 | ulp ). (A.20)
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’l_L(p/, )‘/) Z.O-kAryf) u(pa )‘)

P.-ki AN
=l ) | - T . (A21)

so that one is left with three pseudotensor currents
a(p’, N)ioPNysu(p, N, a(@, N)ic"Nysulp, N),  a(p’,N)ioc®Nysu(p, A). (A.22)
6. scalar current [u(p’, ') u(p,\)]: There is only one possible scalar current
a(p', N)ie” AN u(p, \), (A.23)
which can not be replaced.

To summarize, the pseudoscalar Dirac bilinear in eq. (2.7) is completely parameterized by
the four currents in egs. (A.22) and (A.23), i. e.,

a(p', N)ITp (P, k, A, N;n) u(p,\)
i&PkAN A5E' N ’L'O'PN
M4 M2

- kN - AN
= a(p’, \) AP LT U5 qE L 05 4B yp)),  (A24)

where the GPCFs AL are scalar functions of P, k, A, N, and 7.

A.3 Parameterization of the vector Dirac bilinear

A complete parameterization of the vector Dirac bilinear in eq. (2.8) can be obtained by
treating all possible Dirac currents one after the other:

1. wvector current [u(p’, \) ¥* u(p, \)]: Using the Gordon identity in eq. (A.6) all vector
currents can be replaced by scalar and tensor currents.

2. azial vector current [u(p’, \') v 5 u(p, A)]: Using the Gordon identity in eq. (A.8) all
axial vector currents can be replaced by pseudoscalar and pseudotensor currents.

3. pseudoscalar current [a(p’, \') s u(p,A)]: Using eq. (A.12) all pseudoscalar currents
can be replaced by pseudotensor currents.

4. pseudotensor current [a(p’, N')io" vsu(p,A)]: Using the o-identity in eq. (A.11) all
pseudotensor currents can be replaced by tensor currents.

5. tensor current [u(p’, N')io" u(p, \)]: All possible tensor currents are of the form
a(p’, N)ioc" u(p, \), a(p', N)a" ic" u(p, \) (A.25)

with a, b, and ¢ being any of the vectors P, k, A, and N. Using the Gordon identity
in eq. (A.7) all tensor currents containing the vector P contracted with o can be
replaced by scalar currents. Therefore, one is left with 15 tensor currents

a(p, N)io" u(p,A),  al N)ic"*u(p,N),  a@, N)ic" u(p,\),
a(p', \')at iokA u(p,\), u(p’,\)a" iokV u(p,\), u(p’,\)a" iocAN u(p,A) (A.26)

with a being any of the vectors P, k, A, and N.
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6. scalar current [u(p’, \') u(p,\)]: There are four possible scalar currents
a(p', N') a* u(p, \) (A.27)
with a being any of the vectors P, k, A, and N, which can not be replaced.

So far, we were able to reduce the number of currents needed to parameterize the vector
Dirac bilinear in eq. (2.8) to the 19 currents in egs. (A.26) and (A.27). However, it is
possible to reduce this number even further by using that in Minkowski space
g gﬁu g g5u g
g gﬁ g'yu géu g€V
det | go» gfr g0 g% g5 | =0. (A.28)
9*7 9% 97 ¢ ¢
gom- g,@T g'yT géT g€T
Contracting this determinant with P, kg, A, Ns, P, k,, A,, and N; and then in turn
with io.*, iagA, and io. N yields
PE kAR NKE gt
P2 Pk 0 Tk A

P-N
a(p’,N)det | P-k k* k-A k-N 0 u(p,A) =0, (A.29)
A-N kA

av v

—10

P-N kK-N A-N 0 —ioghV
Pr o kE AR NH O oA

P2 Pk 0 P-N A
a(p’, N)det | P-k k> k-A k-N icF® | u(p,A\) =0, (A.30)
0 k-A A2 AN 0

P-N kEk-N A-N 0 —ighVN

pro ke AR NK gV
P2 Pk 0 P-N jA-N

a , N)det| P-k kK k-A k-N ioc*N | ulp ) =0. (A.31)
0 k-A A2 A.N io”N
P-N k-N A-N 0 0

For P # 0, k # 0, A # 0, and N # 0 these three equations are nontrivial and allow one
to eliminate three of the 19 currents we have left. As P and N are always different from

zero, it is most convenient to eliminate the tensor currents
AP GghA | ARGeRN g AN (A.32)

because either k and A are different form zero and we are able to eliminate them using
the constraints in eqs. (A.29)—(A.31) or at least one of the vectors is zero and the whole
current vanishes. Therefore, one possible parameterization of the vector Dirac bilinear in
eq. (2.8), is given by

a(p’, \) F{L,(P, k, A, N;n)u(p, \)

kM
M

otk

M

iohA iohN
AL+ i AL+ 7/15

pr AH NH i
=a(p, N) |57 AT + 3748 + 3 A8 5 A+
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kH jokN
M3
Afg| ulp,A),  (A.33)

Prigha AF & kHighA AF 4 NHjgha A & PrighN
M3 ® M3 JVEERE N VE
NHighN o PrigAN o ARGgAN o NEgAN
B e IV B E N VR A VE

F F
Ap + Al

where the GPCFs A are scalar functions of P, k, A, N, and 7.

A.4 Parameterization of the axial vector Dirac bilinear

A complete parameterization of the axial vector Dirac bilinear in eq. (2.9) can be obtained
by treating all possible Dirac currents one after the other:

1. wvector current [u(p’, \) ¥* u(p, A)]: Using the Gordon identity in eq. (A.6) all vector
currents can be replaced by scalar and tensor currents.

2. azial vector current [u(p’, \') v ~5 u(p, \)]: Using the Gordon identity in eq. (A.8) all
axial vector currents can be replaced by pseudoscalar and pseudotensor currents.

3. pseudoscalar current [a(p’, N')vs u(p, \)]: Using eq. (A.12) all pseudoscalar currents
can be replaced by pseudotensor currents.

4. tensor current [u(p’,\)ic* u(p,\)]: Using the o-identity in eq. (A.11) all tensor
currents can be replaced by pseudotensor currents.

5. pseudotensor current [a(p’, \')ic"~v5u(p, A)]: All possible pseudotensor currents are

of the form
a(p', X)io" s u(p,\),  a(p’,N)a" ic"~s u(p, \) (A.34)

with a, b and ¢ being any of the vectors P, k, A, and N. Now, contracting eq. (A.18)
with IV, and in turn with P,, k,, and A, yields

a(p', N)io"" 5 u(p, A)

= u(p/, \) f ZE;N% - ZX;;N% - ie;;;jv} u(p, A), (A.35)
a(p!, V) o™ s u(p, A)

) P k:]f;':N’% P 3\3’;%5 B ie;]’\“;j} o). (A.36)
a(p!, XY io™ 5 u(p, N

=a(p’,\) - — W#AQN% u(p, A), (A.37)

which together with egs. (A.19)—(A.21) allows one to replace some pseudotensor cur-
rents by scalar and pseudotensor currents. Therefore, one is left with 13 pseudoten-

sor currents

’l_L(p,, )‘,) Z.O-MP%") u(pa )‘) ) ’a(p,a )‘,) Z.O-Mkryf) u(pa )‘) ) ’l_L(p,, A/) Z'O-MNWES u(p’ >‘) )
a(p', N)a"ic™ ysu(p, N, a(p,N) " ic"N s u(p, N,
a(p', N) PPic®Nysu(p, N),  a(p’, N) " ic™N 5 u(p, \) (A.38)
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with a being any of the vectors k, A, and N.
6. scalar current [u(p’, \') u(p,\)]: There are four possible scalar currents
a(p', ') ie"® u(p, \) (A.39)
with a, b, and ¢ being any of the vectors P, k, A, and N, which can not be replaced.

So far, we were able to reduce the number of currents needed to parameterize the axial
vector Dirac bilinear in eq. (2.9) to the 17 currents in egs. (A.38) and (A.39). However, it
is possible to reduce this number even further by considering eq. (A.28). Contracting this
determinant with Py, kg, Ay, N5, Py, kp, Ay, Ny and i0.V 5 and using egs. (A.19)—(A.21)
and (A.35)—(A.37) yields

0 K+ AF NH 0
P2 Pk 0 P-N icPNys

a(p’,N)det| P-k k> k-A k-N ic"Vys | ulp,\)
0 k-A A2 A.N ic®Nys
P-N kE-N A-N 0 0
Pk 0 P-N —P-Niotlrys — LignPAN
B 2 kA kK-N —-P. Nm“k% ze“kAN
= a(p’,\) det A A2 AN pu ZO‘AN’}/E) u(p,A). (A.40)
E-N A-N 0 —P - NiohtN~s

For P # 0, k # 0, A # 0, and N # 0 this equation is nontrivial and allows one to eliminate
one of the 17 currents we have left. As P and N are always different from zero, it is most
convenient to eliminate the tensor current

kM io BN s (A.41)

because either k and A are different form zero and we are able to eliminate it using the con-
straint in eq. (A.40) or at least one of the vectors is zero and the whole current vanishes.

Therefore, one possible parameterization of the axial vector Dirac bilinear in eq. (2.9),
is given by

a(p’, N)Th (P k, A, N;n) u(p, N)

—nf, ) [ A+ S ag T a4 T g
+iUZV5A§+10Z75A5+#A$+%A5+%A5
+ %A% n kﬂi;;v% 4G Aué\jzzv% A%+ N“#ZN%A%
P S s g, (A2

where the GPCFs Ag are scalar functions of P, k, A, N, and 7.
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A.5 Parameterization of the tensor Dirac bilinear

A complete parameterization of the tensor Dirac bilinear in eq. (2.10) can be constructed
from the parameterization of the pseudoscalar and the vector Dirac bilinears in eqs. (A.24)
and (A.33). Respecting the antisymmetry of the tensor Dirac bilinear in eq. (2.10) it can
be rewritten as

a(p', N') TR (P, ky A, Nsm) u(p, A)
PP P2NP\ MTL7(Pk,A,N;n)
— wSY SV SN (0 )/ - T ) Vs ’ ’
50— 08 ol V) | (37~ g )
N NP (o5 PN (P-n)T57 (P k,A,N;n)
M\ M? M
Z'é.pUPN

2M?2

ﬂ%mwwﬂmm% (A.43)

where from egs. (A.1)—(A.5) it follows that the structures M I‘¥“/(P-n) and (P-n) 1" /M
behave like vectors under parity whereas the structure iF1T2 behaves like a pseudoscalar.
Therefore, inserting the respective parameterization from egs. (A.24) and (A.33) into (A.43)
a possible parameterization of the tensor Dirac bilinear in eq. (2.10) is given by

u(p', N)TL (P, k, A, Nyn) u(p, \)

v sy pr P2NP\ (PP k7 AT NC
= (0505 — oy0k) u(p’, X) KM - W) <M A+ i Az + i Az + 53 Ay
Z'O,ok Z‘O,JA Z‘O,JN po Z'O.kA ko Z'O.kA N° Z‘O,kA

A A A A A A
+M 5+M 6+M 7+ e s+ IVE 9+ e 10

po iO’kN ko iO’kN N© iO’kN po iO’AN AC Z'O.AN
+ 5 A+ EVER Ag + 5 Az + 5 Ay + — Ars

N igAN NP PN, PT kT AT N7
+_7WT_AW>+EZQ£— M2>(EZA”+ﬁzAw+ﬁzAw+ﬁiA%
- 1k - TA - TN T kA T kA T kA
10 10 0 PTio kT io N7 io
L e R Ve I VE R TR &
pPT iO’kN kT iO’kN NT iO’kN PT Z'O.AN AT iO’AN
R Ve R R VR R VE R U

NT Z‘O,AN > ingPN <Z'€Pk:AN Z‘O,PN,YEJ Z‘O,kN .

M3 A32 e I A33 + W A34 + TJ A35
- AN

+ Z”MQ% Agﬁﬂ u(p, \). (A.44)

Of course, not all 36 structures in this parameterization are independent. It is therefore
necessary to rearrange them in order to obtain a minimal set of structures for the pa-
rameterization of the tensor Dirac bilinear in eq. (2.10). By first performing all possible
contractions in eq. (A.44) and after that using the o-identity in (A.11) for the last three
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terms as well as the identity
gt

g
g

9

(6774

B0 hvpo — _ et

(0708

gﬁu
g7
gﬁp
g%

gw
gv
g’Y P
g7

9"
95V
9o
g50

(A.45)

for all products of two e-tensors the number of independent structures already reduces

significantly. Finally, the Gordon identity in eq. (A.7) allows one to express all tensor

currents containing a o-matrix contracted with P in terms of scalar currents. This reduces

the number of independent structures to 24, which are given for example by

a(p’, N) T (P k, A, N;n)u(p, \)

L PPEe 4 PPA° o PPN° o kKPAT o
= (8,05 — d,0k) u(p’, \') A T At g At A
kPN° AP N‘7 PP gk NP gk
+ 1AL 2 AT s P"AH - A Al
Pr iO’QUA n NPigoA Aﬁ PPigoN A kp ic"N A{é AP jgoN Aﬁ
M M? M? M? M?
NP oN PP kA PPNC LPN© kA
;;2 A 4 sz AlL Tﬁ" A 4 sz AL
PPE%ig*N o PPN%ig*N . kPNigEN . PPA% AN
+ Y2 L Y S + —r 2l e Asy
PPN jgAN APNY jgBN
—— A S — AT (e V), (A.46)

where the GPCFs A are scalar functions of P, k, A, N, and 7 and are related to the

structures A, in eq. (A.44) by

A-N
Al = Ay + —— Asg,

A4
2 (A.47)
N
A = A - k —— Ass, (A.48)
P? k-N A-N
A§{:2M2A1+A4+ 22 At A
P-k)(A-N A-N
A = A, (A.50)
P2 P2(A-N) A-N
A5H = W A2 — A18 + V2 A33 — W A35 R (A51)
P? P2(k-N)—(P-k
Aé{:—2M2A3—A19— ( ) ]\(44 )( )A33
k-N
+5 A34 + oz A3 (A.52)
k-N A
A = —A34 T o Ass Sz A36, (A.53)
AH — 4, (A.54)
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P
A = —opp2 A5 T Ae, (A.55)
Al = Ag, (A.56)
H P2
Ay = Y A + A2z, (A.57)
Ay = A7+ Azq, (A.58)
Aff = A, (A.59)
ATl = Az, (A.60)
p? p? Pk
Aff = e A7 + Aszs 2 Asq Iz Ass (A.61)
Al = Ay, (A.62)
p? k- N
Afr = onp2 A8t A+ 5 Ass, (A.63)
u_ P
Ajg = 5 Ao — Aas, (A.64)
Aly = Auz, (A.65)
p? k- N
Al = YV A+ Az — Ao + SVER Agg, (A.66)
n_ P
Az = 5y A1z — Ass, (A.67)
Agh = Az, (A.68)
p? A-N
Ay = o2 A+ A — Az + —- Aar, (A.69)
f= 2 - a A70
AR = 4~ Ay _
24 = 532 415 31 ( )

B Relations between GTMDs and GPCFs

Here the explicit relations between the leading twist GTMDs in egs. (3.6)—(3.8) and the
GPCFs in egs. (2.19)—(2.21) are listed. For brevity we leave out the arguments of the
functions. Straightforward calculation leads to the results

iy 2P+ / ik [Af AT — 26 Al 4 ¢ <x,4§ - 25Ag>

) 2
+2£k: A+ zA <Ag+mA5>

202
—x€ <Af1 - mAfQ> + 2¢2 <Af4 - 2§Af5>} : (B.1)
¥ _[,r 2P*( p P P F
Fio=2P dk™ | A5 — e Ay +xAy | — (A +2An )|, (B.2)
i P2_p.k
Fi3 =2P" /dk‘ AL — xT <A§ +xA5> - (Aﬂ ~ 25,45,,)] : (B.3)
Fiy4 = 2Pt / dk™ | AL + zAY ] , (B.4)
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Gi1 = 2P" [ dk~ A?], (B.5)

Giq = 2P* / dk™ |A§ — (mﬁ — 25A§’2>] : (B.6)
Gis = 2Pt /dk - (Aﬁ - 2§A%>] : (B.7)
Gy = 2P* / dk™ |AS + 2A§ — 2 AS + 26 A§ — <gcA1G1 — 2§A§2>
ot < ~2eAG )} | (B8)
[ 26 k- A+ xA?
Hyy = 2P / di™ | Al +2¢ Al + 52% — weAl ] (B.9)
Hyo = 2PF /dk‘ A oAl —a:AH + AR 4 2¢2 A1 ] (B.10)
_ : xP? - Pk 2¢ P?
Hyz = 2P" /dk 2AL + TA8 ST Al — (A{fz + AL — 2§Aﬁ>
P?2(26k* +2k-A)—P k(2 P-k+k-A) g
M4 A16
22P? — 2z P -k + k? 462 P? 4+ A?
[ 26 P?
Hy, = 2P* /dk Y — T Al ] (B.12)
[ xzP?-P
Hys =2P" /dk— - 7]@1 } (B.13)
’ I M?
Hyg = 2P / dk= | — Ag} , (B.14)
_: 20EP? — 24P -k—k-A
Hy7 =2P* / dk— | — Al — VE AH] (B.15)
[ 22P? -2z P -k + k?
Hyg = 2P" / dk™ | — Al — e A{%} : (B.16)

C Model calculation of GTMDs

For illustrative purposes and in order to get a first estimate we calculate all the leading
twist GTMDs in the scalar spectator diquark model of the nucleon (see, e.g., ref. [58]) by
restricting ourselves to lowest nontrivial order in perturbation theory. The Lagrangian of
the diquark model reads

Lspm(z) = V(z) ("9 — M) W(z) + ¥(x) (iv" 0y — mq) P(x)
+0 " () () — m3 ¢* (z)p(x)
+g [(2) ¥(2) ¢ (z) + V() (2) p(2)] , (C.1)

where W denotes the nucleon field, v the quark field, and ¢ the scalar diquark field. The
essential ingredient of the model is a three-point interaction between the target, quarks,
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k—iA k+ 34

P—1iA o~ — > P+ 1A
Y, P—k

Figure 3. Lowest nontrivial order diagrams contributing to the GTMDs in the scalar spectator
diquark model. The second and third diagram are only relevant for the ERBL region which is
characterized by |z| < [¢].

and diquarks, with the coupling constant g. This framework allows one to carry out
perturbative calculations. All the results for parton distributions given below contain the
coupling g to the second power. Notice also that the condition M < mg 4+ my has to be
fulfilled in order to have a stable target state.

The lowest order contribution to the generalized kp-dependent correlator in eq. (3.1)
comes from the tree-level diagrams depicted in figure 3. These diagrams can be evaluated

in a straightforward manner yielding

WP, kr, A, N;)

P —a)(@® - &) [ N(k) N(ky)
T 4(2n)33P+ D. p_ 00—~ D. (D,2—D+) O —2)
- pee-olen-le. (€2
where the numerator N (k™) is given by
N(E) = 80, X) (k+ 54+ mg) T (k= 24 +mg) u(p, ), (€3)
the denominators Dy by
2
o= it (0F9Fr 250 -0 &) + @ - &m?
—x) (2% - &2
+(1—x)(;cig)m§—(1 1);6 §)M2, (C4)
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and k~ is fixed by the cuts in the diagrams to be

1&2 M2 EQ 2
S e e L e L (C.5)
21— )Pt~ 2(1 —a)P+

A2 4+ M2 (kr + $A7)2 +m?

T o ()
B l&%%—MQ (kr — %&T)Q +m2
T =1 o TS v (C.7)

Since the calculation is carried out only to lowest order in perturbation theory, no effect
due to the Wilson line enters. As a consequence, the correlator (C.2) actually does not
depend on the parameter 7.

Using now the expression (C.2) and the definitions for the GTMDs in egs. (3.6)—(3.8)
it is possible to calculate the leading twist GTMDs. As for leading twist the numerator
N(k™) in eq. (C.3) does actually not depend on k~, the final expressions are not too
complicated. They read*

Ffy=C [(1 — &%) <l¥:’% + (mg + M)2> +(1-2) <g kr - Ag — 2(mg + a:M)M)

- (B ane)]. ()
Ffy =2C [% (AQT + 4M2>} : (C.9)
Fey = %c <E% T (mg + M)2> - 4((11_7_?22) (&% 4 4M2>} , (C.10)
Ff,=-C :(1 —2) M2] : (C.11)
2= —C |-, (€12
f2 = 20 | g (B8 +402) = (my+ 0] (.13
f = —50 ¢ (B - o+ 20%) (1= 0)Fr - As
fu= =0 (1= ) (B = (my + 302) + (1= 0) (6 B+ 20m, + 400
_3(1 e (5% + 4M2>] , (C.15)
i, = 20 61— 2. (16

“In ref. [1] we obtained results for the GTMDs of a spin-0 target in a simple spectator model. Those
results are only complete for || < 2z < 1. But note also that this specific kinematical region includes the
case & = 0 which is relevant for discussing potential nontrivial relations between GPDs and TMDs.
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H{, = C [(1 — ) (my +:cM)M} , (C.17)

- M) k2A2 — (kp - Ap)?
H16,3:C[<k%+(mq+M)2>+§(m3\;_ ) krdy - (kr - Ar)

kr - Ar
(1 — =) ((ng + M) + (mg +aM)) ( %5 2
im0 ) (57 00Y] oy
H¢, = —C [ €A (m +M)M+2M2] (C.19)
14 = N q : :
’ kr - A
Hi;=C [{ (mg + M)M] , (C.20)
ko1
Hig= C ka 50 x)> (my + M)M} , (C.21)
Hf,; = —-2C [(1 — &%) (mg + M)M — (1 — 2) MZ} , (C.22)
Hig = -C [{(1 — ) (mg + M)M] , (C.23)
with®
(
0 for > 1 (unphysical region),
g ;2 )3)1()+2 &) for |£| <z <1 (DGLAP region for quarks),
g (1—2) (- ¢&)

for —1 < ¢ <2< ¢<1 (ERBL region f >
c_ )32 D, DD or < —¢ <z <¢<1(ERBL region for £ > 0),

g (1— 1) (@2 = &)
2(2)° Dy (D— — D)

0 for =1 <z < —|¢| (DGLAP region for antiquarks),

for -1 < ¢ <z < —¢ <1 (ERBL region for £ <0),

0 for z < —1 (unphysical region).

(C.24)
To shorten the notation we have suppressed the arguments of the GTMDs. All (naive)
T-odd parts of GTMDs vanish to lowest order in perturbation theory investigated here.
To get nonzero results for these functions requires considering at least one-loop corrections
that include effects from the Wilson line. We checked that the limits of TMDs and GPDs
for £ = 0 agree with the results found in [24].
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